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>--^ ' Abstract. The class of standard braided vector spaces, introduced by 

Andruskiewitsch and the author in arXiv:math/0703924v2 to under- 
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5-H , stand the proof of a theorem of Heckenberger |H2) . is shghtly more 



Oh. 



general than the class of braided vector spaces of Cartan type. In the 
present paper, we classify standard braided vector spaces with finite- 
dimensional Nichols algebra. For any such braided vector space, we give 
a PBW-basis, a closed formula of the dimension and a presentation by 
generators and relations of the associated Nichols algebra. 



c3 ! Contents 



Introduction 

1. PBW-basis 

1.1. Lyndon words 
>^ . 1.2. Braided vector spaces of diagonal type and Nichols algebras 

1.3. PBW basis of a quotient of the tensor algebra by a Hopf ideal 
OO ■ 2. Transformations of braided graded Hopf algebras 

^-^ , 2.1. Preliminaries on braided graded Hopf algebras 

'nJ" I 2.2. Auxiliary results 

!r^ ■ 2.3. Transformations of certain braided graded Hopf algebras 

Q \ 3. Standard braidings 

3.1. Definitions of Weyl groupoid and standard braidings 

3.2. Classification of standard braidings 

rS \ 4. Nichols algebras of standard braided vector spaces 

C^ ■ 4.1. PBW bases of Nichols algebras 

4.2. Explicit generators for a PBW basis 

4.3. Dimension of Nichols algebras of standard braidings 
5. Presentation by generators and relations of Nichols algebras of 

standard braided vector spaces 

5.1. Some general relations 

5.2. Presentation when the type is Ag 

5.3. Presentation when the type is Bq 

5.4. Presentation when the type is G2 



2 
4 
5 
6 

i 

i£ 
ic 
11 

13 

18 
19 
2C 
26 
26 
28 
33 



37 

38 
49 
52 
57 



Date: April 8, 2008. 

2000 Mathematics Subject Classification: Primary 17B37; Secondary: 16W20,16W30 
Key words and phrases: quantized enveloping algebras, Nichols algebras, automor- 
phisms of non-commutative algebras. 

1 



IVAN EZEQUIEL ANGIONO 

5.5. Presentation when the braiding is of Cartan type 

Acknowledgments 

References 



61 
69 

6S 



Introduction 

A breakthrough in the development of the theory of Hopf algebras was the 
discovery of quantized enveloping algebra by Drinfeld and Jimbo \Dr\ [Ji] . 
This special class of Hopf algebras was intensively studied by many authors 
and from many points of view. In particular, finite-dimensional analogues of 
quantized enveloping algebras were introduced and investigated by Lusztig 

About ten years ago, a classification program of pointed Hopf algebras 
was launched by Andruskiewitsch and Schneider |ASlj . see also |AS5] . The 
success of this program depends on finding solutions to several questions, 
among them: 

[Al Question 5.9] Given a braided vector space of diagonal 
type V, such that the entries of its matrix are roots of 1, com- 
pute the dimension of the associated Nichols algebra ^{V). 
If it is finite, give a nice presentation of ^{V). 

Partial answers to this question were given in |AS21 IH2j for the class of 
braided vector spaces of Cartan type. These answers were already crucial 
to prove a classification theorem for finite-dimensional Hopf algebras whose 
group is abelian with prime divisors of the order great than 7 jAS6j . Later, 
a complete answer to the first part of ^ Question 5.9] was given in |H3j . 

The notion of standard braided vector space, a special kind of diagonal 
braided vector space, was introduced in [AAj . see Definition 13.51 below. This 
class includes properly the class of braided vector spaces of Cartan type. 

The purpose of this paper is to develop from scratch the theory of standard 
braided vector spaces. Here are our main contributions: 

• We give a complete classification of standard braided vector spaces 
with finite-dimensional Nichols algebras. As usual, we may assume 
the connectedness of the corresponding braiding. It turns out that 
standard braided vector spaces are of Cartan type when the associ- 
ated Cartan matrix is of type C, D, E or F, see Proposition 13.81 For 
types A, B, G there are standard braided vector spaces not of Car- 
tan type; these are listed in Propositions 13. 9^ 13.101 and 13.111 Those 
of type A2 and B2 appeared already in |Grj . Our classification does 
not rely on |H3j . but we can identify our examples in the tables of 

El. 



We describe a concrete PBW-basis of the Nichols algebra of a stan- 
dard braided vector space as in the previous point; this follows from 
the general theory of Kharchenko [Kh| together with Theorem 1 of 



ON NICHOLS ALGEBRAS WITH STANDARD BRAIDING 3 

12] . As an application, we give closed formulas for the dimension 
of these Nichols algebras. 

• We present a concrete set of defining relations of the Nichols algebras 
of standard braided vector spaces as in the previous points. This is 
an answer to the second part of [XJ Question 5.9] in the standard 
case. We note that this seems to be new even for Cartan type, for 
some values of the roots of 1 appearing in the picture. Essentially, 
these relations are either quantum Serre relations or powers of root 
vectors; but in some cases, there are some substitutes of the quantum 
Serre relations due to the smallness of the intervening root vectors. 
Some of these substitutes can be recognized already in the relations 
in [AD] . 

Here is the plan of this article. In section [H we collect different tools that 
will be used in the following sections. Namely, we recall the definition of 
Lyndon words and give some properties about them, such as the Shirshov 
decomposition, in subsection II. 1[ In ll.21 we discuss the notions of hyperlet- 
ter and hyperword following |Khj (they are called superletter and superword 
in loc. cit.); these are certain specific iterations of braided commutators ap- 
plied to Lyndon words. Next, in subsection 11.31 ^ PBW basis is given for 
any quotient of the tensor algebra of a diagonal braided vector space V by 
a Hopf ideal using these hyperwords. This applies in particular to Nichols 
algebras. 

In section [21 after some technical preparations, we present a transforma- 
tion of a braided graded Hopf algebra into another, with different space of 
degree one. This generalizes an analogous transformation for Nichols alge- 
bras given in [H21 Prop. 1] - see Subsection 12.31 

In section [3] we classify standard braided vector spaces with finite dimen- 
sional Nichols algebra. In subsection 13. H we prove that if the set of PBW 
generators is finite, then the associated generalized Cartan matrix is of finite 
type. So in subsection 13.21 we obtain all the standard braidings associated 
to Nichols algebras of finite dimension. 

Section[l]is devoted to PBW-bases of Nichols algebras of standard braided 
vector spaces with finite Cartan matrix. In subsection 14.11 we prove that 
there is exactly one PBW generator whose degree corresponds with each 
positive root associated to the finite Cartan matrix. We give a set of PBW- 
generators in subsection 14.21 following a nice presentation from [LRj . As a 
consequence, we compute the dimension in Subsection 14.31 

The main result of this paper is the explicit presentation by generators and 
relations of Nichols algebras of standard braided vector spaces with finite 
Cartan matrix, given in section [5) This result relies on the explicit PBW- 
basis and the transformation described in Subsection 12.31 In subsection 15. 1^ 
we state some relations for Nichols algebras of standard braidings, and prove 
some facts about the coproduct. Subsections 15.21 1 5.31 and 1 5.41 contain the 
explicit presentation for types Ag, Bg and G2, respectively. For this, we 
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establish relations among the elements of the PBW-basis, inspired in |ADj 
and |Grj . We finally prove the presentation in the case of Cartan type in 
5.5[ To our knowledge, this is the first self-contained exposition of Nichols 
algebras of braided vector spaces of Cartan type. 

Notation. We fix an algebraically closed field k of characteristic 0; all 
vector spaces, Hopf algebras and tensor products are considered over k. 
Given n E N and q £ k, q ^ Uo<j<nGj, we denote 

J = (k) \n- k '' where Hg! = J](/c)g, and (/c), = J^g^. 

•^^9 ^ ^^'^ Q j=l j=0 

For each n = (ni, . . . , rig) € Z^, we set x" = x"^ • • • x^® G k[[x;^ , . . . ,Xg ]]. 
Also we denote 

f/i _ 1 -. oo 

q,,(t):=---Gk[t], hGN; q^(t) := — - = ^ t^ € k[[t]]. 

s=0 

For each iV € N, Gn denotes the set of primitive A^-th roots of 1 in k. 

For each 6 £N and each Z -graded vector spaces 53, we denote by JifQ = 
Sne z" dim 03*^ the Hilbert series associated to 53. 

Let C = ©ngNflC'j+j be a No-graded coalgebra, with projections vr^ : C — > 
Cn- Given i,j > 0, we denote by 

Ajj := {-Ki (g) TTj) o A : d+j -^Ci® Cj, 

the (i,j)-th component of the comultiplication. 

1. PBW-BASIS 

Let A be an algebra, P,ScA and /i : 5 h-> N U {oo}. Let also < be a 
linear order on S. Let us denote by B{P, S,<,h) the set 

{pslK..sp -.teNo, si>--->st, SieS, 0<ei<h{si), peP}. 

If B{P, S, <, h) is a linear basis of A, then we say that {P, S, <, h) is a set 
of PBW generators with height h, and that B{P, S,<,h) is a PBW-basis of 
A. Occasionally, we shall simply say that 5 is a PBW-basis of A. 



In this Section, we describe- following |Kh] - an appropriate PBW-basis 
of a braided graded Hopf algebra 53 = ©„gN®" such that 53^ = V, where V 
is a braided vector space of diagonal type. This applies in particular, to the 
Nichols algebra 53 (y). In Subsection II. II we recall the classical construction 
of Lyndon words. Let F be a vector space V together with a fixed basis. 
Then there is a basis of the tensor algebra T{V) by certain words satisfying a 
special condition, called Lyndon words. Each Lyndon word has a canonical 
decomposition as a product of a pair of smaller Lyndon words, called the 
Shirshov decomposition. 

We briefly remind the notions of braided vector space {V, c) of diagonal 
type and Nichols algebra in Subsection 11.21 Then we recall- in Subsection 
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11.31 - the definition of tlie liyper letter [l]c, for any Lyndon word /; this is 
the braided commutator of the hyperletters corresponding to the words in 
the Shirshov decomposition. The hyperletters are a set of generators for a 
PBW-basis of T(y) and their classes form a PBW-basis of 53. 

1.1. Lyndon ^vords. 

Let G N. Let X be a set with 6 elements and fix a numeration xi, . . . ,xg 
of X; this induces a total order on X. Let X be the corresponding vocabulary 
(the set of words with letters in X) and consider the lexicographical order 
on X. 

Definition 1.1. An element n G X, u ^ 1, is called a Lyndon word if u is 
smaller than any of its proper ends; that is, if u = vw, f, it; € X — {1}, then 
u < w. The set of Lyndon words is denoted by L. 

We shall need the following properties of Lyndon words. 

(1) Let u E X — X. Then u is Lyndon if and only if for any representation 
u = uiU2, with ui,U2 G X not empty, one has U1U2 = u < U2U1. 

(2) Any Lyndon word begins by its smallest letter. 

(3) If ni, M2 G L, ui < U2, then U1U2 G L. 

The basic Theorem about Lyndon words, due to Lyndon, says that any 
word n G X has a unique decomposition 

(1.1) u = I1I2. ■ -Ir, 

with li (^ L, Ij. < ■ ■ ■ < h, as a product of non increasing Lyndon words. 
This is called the Lyndon decomposition of n G X; the li (z L appearing in 
the decomposition (jl.ip are called the Lyndon letters of u. 

The lexicographical order of X turns out to be the same as the lexico- 
graphical order in the Lyndon letters. Namely, ii v = h . . . Ir is the Lyndon 
decomposition of v, then u < v ii and only if: 

(i) the Lyndon decomposition of u is n = /i . . . /j, for some 1 < -i < r, or 
(ii) the Lyndon decomposition of u is u = h . . . li-lll'^_^_l ■ ■ .1'^, for some 
l<z<r, sGN and /, l^_^_l, . . . ,1'^ in L, with I < li. 
Here is another useful characterization of Lyndon words. 

Lemma 1.2. Letu G X— X. Thenu G L if and only if there exist ui,U2 G L 
with ui < U2 such that u = uiU2- 



Proof. See |Khl p. 6, Shirshov Th.]. D 

Definition 1.3. Let u G L — X. A decomposition u = U1U2, with ui,U2 G L 
such that U2 is the smallest end among those proper non-empty ends of u is 
called the Shirshov decomposition of u. 

Let u,v,w G L be such that u = vw. Then u = vw is the Shirshov 
decomposition of u if and only if either u G X, or else if u = i;ii;2 is the 
Shirshov decomposition of v, then w <V2. 
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1.2. Braided vector spaces of diagonal type and Nichols algebras. 

A braided vector space is a pair {V,c), where y is a vector space and 
c G Aut(y^V) is a solution of the braid equation: 

(c (g) id)(id (g) c)(c (g) id) = (id (g) c)(c (g id)(id (g c). 

We extend the braiding to c : T{V)^T(y) -^ T{V)®T{V) in the usual way. 
If x,y € T{V), then the braided commutator is 

(1.2) [x, y]c := multiplication o (id — c) (2;(gy) . 

Assume that diml/ < oo and pick a basis X = {xi, . . . ,X0} of V; we 
may then identify kX with T{V). We consider the following gradings of the 
algebra T{V): 

(i) The usual No-grading T{V) = ®n>oT''{V). If £ denotes the length 

of a word in X, then T"'(V) = (Bxe'K,i{x)=n^^- 
(ii) Let ei, . . . ,ee be the canonical basis of Z^. Then T{V) is also Z^- 
graded, where the degree is determined by degXj = e,,, 1 < i < 0. 
A braided vector space {V, c) is of diagonal type with respect to the basis 
xi, . . . X0 ii there exist qij € k^ such that c{xifSiXj) = qijXj^Xi, 1 < i,j < 6. 
Let X : Z X Z — > k^ be the bilinear form determined by xi^i^^j) = Qij^ 
^ ^ ijj ^ 0- Then 

(1.3) c(ti(g)f) = x(degti,degf)u(gu 

for any u,v G X, where Qu^v = x(degM, degu) G k^. In this case, the 
braided commutator satisfies a "braided" Jacobi identity as well as braided 
derivation properties, namely 

(1.4) [[u, v]^ , w]^ = [u, [v, w] J^ - x{a, P)v [u, w]^ + xiP, 7) [u, w]^ v, 

(1.5) [u,v w]^ = [u,v]^w + x{a,P)v [u,w]^, 

(1.6) [uv,w]^ = x{Pn)W,w]^ v + u [v,w]^, 

for any homogeneous u,v,w G T{V), of degrees a,l3,^ E N^, respectively. 

We denote by ij^'S the category of Yetter-Drinfeld module over H, where 
i^ is a Hopf algebra with bijective antipode. Any V G h^"^ becomes a 
braided vector space [M]- If H is the group algebra of a finite abelian group, 
then any V G h^^ is a braided vector space of diagonal type. Indeed, 
y = ®g6r,xGf'^/' ^he^e y^ = V^ r\Vg, Vg = {v e V \ 5 {v) = g®v}, 
V^ = {v(zV\g-v = x{9)v for all g G T}. The braiding is given by 
c{x ®y)= x{g)y ® X, for all x G V^, 5 G F, y G V^, X S T. 

Reciprocally, any braided vector space of diagonal type can be realized as 
a Yetter-Drinfeld module over the group algebra of an abelian group. 

If 1^ G H^l), then the tensor algebra T{V) admits a unique structure of 
graded braided Hopf algebra in j^^T) such that V C 'J'{V). Following |AS5| . 
we consider the class © of all the homogeneous two-sided ideals / C T{V) 
such that 
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• / is generated by homogeneous elements of degree > 2, 

• / is a Yetter-Drinfeld submodule of T{V), 

• / is a Hopf ideal: A(/) C I(^T{V) + T{V)®I. 

The Nichols algebra ^{V) associated to V is the quotient of T(y) by the 
maximal element I{V) of S. 

Let {V, c) be a braided vector space of diagonal type, and assume that 
Qij = Qji for all i,j. Let T be the free abelian group of rank 9, with basis 
gi, . . . ,gg, and define the characters xi? ■ ■ ■ 5 Xe of F by 

Xj{9i) = qij, l<ij<0- 

Consider V as a Yetter-Drinfeld module over kL by defining Xi G V^^' . 
We shall need the following proposition. 



X 



Proposition 1.4. |L3l Prop. 1.2.3], [AS5l Prop. 2.10]. Let ai, . . . ,00 e k 

There is a unique bilinear form (|) : T{V) x T{V) -^ k such that (1|1) = 1, 
and: 

(1.7) {xi\xj) = 5ijai, forallij; 

(1.8) {x\yy') = (x(i)|y)(x(2)|y'), for all x,y,y' e T{V); 

(1.9) (xx'ly) = (x|y(i))(2;'jy(2)), for all x,x' ,y £ T(V). 

This form is symmetric and also satisfies 

(1.10) ix\y) = 0, for all x e T{V)g, y G T{V)h, g,h£T, g^h. 
The quotient T{V)/I{V), where 

I{V) := {x G T{V) : {x\y) = 0, Vy G T{V)} 

is the radical of the form, is canonically isomorphic to the Nichols algebra 
ofV. Thus, (I) induces a non degenerate bilinear form on ^{V) denoted by 
the same name. D 

If {V, c) is of diagonal type, then the ideal I{V) is Z^-homogeneous hence 
!B(y) is Z -graded. See |AS4j for details. The following statement, that we 
include for later reference, is well-known. 

Lemma 1.5. Let V a braided vector space of diagonal type, and consider 
its Nichols algebra ^(V). 

(a) // qu is a root of unit of order N > 1, then xf = 0. 

(b) If i ^ j, then {adcXiY{xj) = if and only if 

i1-y■q^^ no<fc<r-l(l - Qii'iijQji) = 0- 

(c) If i ^ j and qijqji = ql^, for some r such that < — 7' < oid{qii), 
then {adcXiY~^{xj) =0. D 
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1.3. PBW basis of a quotient of the tensor algebra by a Hopf ideal. 

Let {V, c) be a braided vector space with a basis X = {xi, . . . , xg}; identify 
T{V) with kX. An important graded endoniorphisni [— ]^ of kX is given by 

u, if n = 1 or n G X; 

[[v]^ , [tt'] Jci if n G L, i{u) > 1 and u = vw 
inL. := •\ is the Shirshov decomposition; 

[ui]^ . . . [ut]^ , ifueX-L 

with Lyndon decomposition u = ui . . .ut\ 

Let us now assume that {V, c) is of diagonal type with respect to the basis 
xi, . . . , X0, with matrix [qij). 

Definition 1.6. The hyperletter corresponding to / G L is the element 
[l]^. A hyperword is a word in hyperletters, and a monotone hyperword is a 
hyperword of the form W = [ui]^^ . . . [um]c"^ , where ui > ■ ■ ■ > Um- 

Remark 1.7. If u G L, then [n]^ is a homogeneous polynomial with coeffi- 
cients in Z [qij] and [u]^ G u + kX>^ . 

The hyperletters inherit the order from the Lyndon words; this induces 
in turn an ordering in the hyperwords (the lexicographical order on the 
hyperletters). Now, given monotone hyperwords W, V , it can be shown that 

where ifi > • • • > Wr , f i > • • • > f s , if and only if 

W = Wl...Wm> V = Vi...Vt. 

Furthermore, the principal word of the polynomial W , when decomposed as 
sum of monomials, is w with coefficient 1. 

Theorem 1.8. (Rosso, see |R2j ). Let m,n G L, with m < n. Then the 
braided commutator [[m,]^ , [n]^] is aT, [qij]-linear combination of monotone 
hyperwords [li]^ . . . [Ir]^ ,li (z L, such that 

• the hyperletters of those hyperwords satisfy n > li > mn, 

• [mn]^ appears in the expansion with non-zero coefficient, 

• any hyperword appearing in this decomposition satisfies 



deg(Zi . . .Ir) = deg{mn) 



D 



A crucial result of Rosso describes the behavior of the coproduct of T{V) 
in the basis of hyperwords. 
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Lemma 1.9. |R2j . Let u € X, and u = ui . . . Urv"^, v,Ui ^ L,v < Ur < 
■ ■ ■ < ui the Lyndon decomposition of u. Then 



i=0 ^ ^ 1v,v 

ll>--->lp>l,li£L 
0<j<m 

here each x^ ^ is Z -homogeneous, and 

deg(x[^^^ ;^) + deg(/i . . . IpV^) = deg(n). 



n—i 
c 



D 



As in [U], we consider another order in X; it is implicit in [Khl 



Definition 1.10. Let n, -y G X. We say that u y v ii and only if either 
i{u) < i{v), or else i{u) = i{v) and u > v (lexicographical order). This >~ is 
a total order, called the deg-lex order. 

Note that the empty word 1 is the maximal element for >-. Also, this 
order is invariant by right and left multiplication. 

Let now I be a proper ideal of T{V), and set R = T{V)/L. Let vr : 
T(y) -^ Rhe the canonical projection. Let us consider the subset of X: 

G/ := {u G X : u ^ kX^„ + /} . 

Notice that 

(a) If n € G/ and u = vw, then v,w S Gj. 

(b) Any word u & Gj factorizes uniquely as a non-increasing product of 
Lyndon words in Gj. 

Proposition 1.11. |Khj . see also |R2j . The set 7r(G/) is a basis of R- □ 

In what follows, / is a Hopf ideal. We seek to find a PBW-basis by hyper- 
words of the quotient R of T{V). For this, we look at the set 

(1.11) Si:=Gir\L. 

We then define the function /i/ : 5/ ^ {2, 3, . . . } U {cxo} by 

(1.12) hi{u) := min {t € N : u* € kX^„i + l} . 
The next result plays a fundamental role in this paper. 

Theorem 1.12. [Kh] ■ Keep the notation above. Then 
B'j:=Bi{l + I},[Sil + I,<,hi) 
is a PBW-basis of H = T{V)/I. D 



See |Kh] for proofs of the next consequences of the Theorem 11.121 
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Corollary 1.13. A word u belongs to Gj if and only if the corresponding 
hyperletter [u]^ is not a linear combination, module I, of hyperwords [w]^, 
w y u, where all the hyperwords belong to Bj. D 

Proposition 1.14. In the conditions of the Theorem M.l^ if v € Sj is such 
that hi{v) < oo, then q^^v is a root of unit. In this case, if t is the order of 
qv,v, then hi{v) =t. □ 

Corollary 1.15. If hj{v) := h < oo, then [v] is a linear combination of 
hyperwords [w]^, w >~ u^. D 

2. Transformations of braided graded Hopf algebras 

In Subsection l2.3l we shall introduce a transformation over certain graded 
braided Hopf algebras, generalizing \ii2\ Prop. 1]. It is instrumental step in 
the proof of Theorem 15.25^ one of the main results of this article. 

2.1. Preliminaries on braided graded Hopf algebras. 

Let H be the group algebra of an abelian group F. Let V ^ ^yV with a 
basis X = {xi, . . . ^xq} such that Xi G VJj'^% 1 < i < 6. Let Qij = Xj{9i)i so 
that c{xi®Xj) = QijXjiSiXi, 1 < i,j < 0. 

We fix an ideal / in the class S; we assume that I is Ij -homogeneous. 
Let *B := T{V)/I: this is a braided graded Hopf algebra, QS*^ = kl and 
53^ = V . By definition of liV), there exists a canonical epimorphism of 
braided graded Hopf algebras vr : !B ^ ^(^)- Let cjj : *B ^ *B be the 
algebra automorphism given by the action of gi . 

Proposition 2.1. (See for example |AS5l 2.8]J. 

(1) For each i < i < 0, there exists a uniquely determined {id,ai)- 
derivation D^ : OS ^ !B with Di{xj) = 6ij for all j. 

(2) / = I{V) if and only if nf^^ ker A = kl'. D 

These operators are defined for each x G *B , A; > 1 by the formula 



A„_ij(x) = y^^Di{x)iSiXi. 

i=\ 

Analogously, we can define operators Fj : 53 ^ *B by -Fi(l) = 0, 

Ai,„_i(x) = ^Xi(g)Fi(x), xE©fc>o*B'=. 

i=l 

Let X be as in 11.41 Consider the action > of kZ on 53 given by 
(2.1) Oj i> 6 = x(u, ej)6, b homogeneous of degree u € Z . 

Then, such operators Fi satisfy Fi{xj) = 6ij for all j, and 

Fi{bib2) = Fi{bi)b2 + (ei > bi)Fiib2), 6i, 62 e 53. 

Let Zr := {adcXiY{xj), i,j e {1, . . . , 0} ,-i / j and r € N. 
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Remark 2.2. The operators Di, Fi satisfy 

(2.2) Dfix-) = {n\^,xr\ 

(2.3) A {{adcXiY{xj-^ . . . Xj^)) = 0, Vr, s > l,jk / i, 

r-l 

(2.4) D, (zfe)) = n (l - ^'ft.^.'O <■, Vr > 0, 

fc=0 



m— 1' 



(2.5) F[z^:?^)={m\^^{l-qTr'q^m 

(2.6) F,- (zfe)) =0, m > 1. 

The proof of the first three identities is as in |AS4t Lemma 3.7]; the proof 
of the last two is by induction on m. 

For each pair 1 < i,j < 0,i ^ j, we define 

(2.7) Mij{^) := {{adcXiy^ixj) : m E No} ; 

(2.8) rriij := min {m e N : (m + l)g,,(l - quqrjQji) = 0} . 

Then either q"-'^ qijqji = 1, or q^"^ = 1, if q^qijqji / 1 for ah m = 
0,1,..., rriij. 

If 55 = *B(y), then we simply denote Mjj = Mij{^(y)). Note that 
(adc2;j)™'-'+^Xj = and {adcXi)"^^^Xj ^ 0, by Lemma \h5\ so 

|Mjj| = ruij + 1. 

By Theorem I1.12|, the braided graded Hopf algebra 5S has a PBW-basis 
consisting of homogeneous elements (with respect to the Z -grading) . As in 
|H2| . we can even assume that 

® The height of a PBW-generator [u] , deg(w) = d, is finite if and only 
if 2 < ovd{qu^u) < oo, and in such case, hj^y^^u) = or:d{qu,u)- 

This is possible because if the height of [u] , deg(u) = d, is finite, then 2 < 
ord{qu^u) = m < oo, by Proposition 11.141 And if 2 < oicd{qu^u) = m < oo, 
but hi(y\{u) is infinite, we can add [u]^' to the PBW basis: in this case, 
hi(V){u) = ovd{qu,u), and g„™,„m = qj^^^ = 1. 

Let A^(*B) C N*^ be the set of degrees of the generators of the PBW-basis, 
counted with their multiplicities and let also A(<B) = A+(«B) U (-A+(«B)): 
A"'"(*B) is independent of the choice of the PBW-basis with the property ® 
(see |AA1 Lemma 2.18] for a proof of this statement). 

2.2. Auxiliary results. 

Let / be Z^-homogeneous ideal in S and *B = T(V)/I as in Subsection 
12. 1[ We shall use repeatedly the following fact. 

Remark 2.3. If xf = in OS with N minimal (this is called the order of 
nilpotency of Xi), then qu is a root of 1 of order A^. Hence {adcXi)^ Xj = 0. 
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The following result extends (18) in the proof of [H2t Proposition 1]. 

Lemma 2.4. For each i S {1, . . . ,6}, let 3Ci be the subalgebra generated by 
L)j-tiMij{^) and denote by rii the order of qa. Then there are isomorphisms 
of graded vector spaces 

• ker(Z)j) = OCi, i/ord qa is the order of nilpotency ofxi, or 

• ker(Z)j) = DCj k [x"'], i/ord qa < cxo but xi is not nilpotent. 
Moreover, 

(2.9) ^'^%i®k [xi] . 

Proof. We assume for simplicity i = 1 and consider the PBW basis obtained 
in the Theorem 11.121 Now, xi S Sj, and it is the least element of Sj, so 
each element of B'j is of the form [uiY^ . . . [ukY'' xf, with n^ < . . . < ui, Uj G 
Si \ {xi} ,0 < Si < hj{ui),0 < s < hj{xi). Call S' = Si\ {xi}, and 

B2:=B{l + I,[S']^ + I,<,hj\s'), 

that is, the PBW set generated by [S']^ + /, whose height is the restriction 
of the height of the PBW basis corresponding to S' . We have 

53 ^ kS2 «) k [xi] . 

By (|2.3p . any {adcXiY{xj) £ ker(Z)i); as Di is a skew-derivation, we have 
Xi Cker(L»i). 

Now, ii V £ S' , V = Xj^ . . . Xj^, ji, ■ ■ ■ ,js > 2, then [v]^ G 3Ci, because it 
is a homogeneous polynomial in Xj^, . . . ,Xj^, and each Xj^ G 3Ci. 

Let V £ Lhe a word in letters X2, . . . , xg, of degree v G A^^. Then xiv G L, 
and 

[xiv]^ = xi[v]^-x{ei,v)[v]^xi= ^ a„(xin-x(ei,v)xi), 

u>v,deg{u)=v 

where a^ G k. If u = Xj^ . . . Xj^, ji, . . . ,js £ {2, . . . ,6}, we have 
xiu Q'xi,w^xi — xiXj^ . . . Xj^ 9iii • • • Q^js'^ji ■ • • •^je'^^ 

— (^af^\X\jyXj^)Xj2 . . . Xj^ -\- qyj-^Xj-^yOj(lf2X\JyXj2)Xj^ . . . Xj^ 

+ ... + qij^ . . . qij.^^Xj, . . . Xj,_i(a4xi)(xjJ. 

Then xiu — qxi,uUXi G IKi, so [xiv]^ G Xi. 

Now let f ^ L be a word in letters X2, ■ ■ ■ ,xg; consider v = ui .. .Up its 
Lyndon decomposition, where Up < . . . < ui, Ui £ L, p > 2. The Shirshov 
decomposition of xiv is (xiui . . . Mp_i, Up), so 

[xiv]^ = [xiui . . . np_i]^ [up]^ - qxim...up^^,up [up]^ [xiui . . . Up^i]^ , 

and by induction on p we can prove that [xif ]^ G 3Ci, because each [up] G Xi, 
and we proved already the case p = 1. 

We next prove, by induction on t, that [x\u\ £ Xi, Vi G N, where u is 
a word in letters X2, ■ ■ ■ ,xg: the case t = 1 is the previous one. Then we 
consider t > 2 and [x^~ n] , G 3Ci. The Shirshov decomposition of x\u is 
(xi,x*^~^n), so [x\u] = xi [x\~^u] - q^^y^-i^ [^i~^u] xi. 
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By induction hypothesis, [x\~ u] = J2 o^i^i ■ ■ ■ ^n- , for some ai € k, 
and Bp e U^^2-^i,j- using that (adcXi) is an skew derivation, 



xiS« • • • 5^) - x(ei, {t - l)ei + u)bP • • • S« 



Xl 



=(a4xi)(S«)S«---i?« 

+ x(ei,degi?f ))S«(a4xi)(S«)S« • • • S« + • • • 

+ x(ei, f2 degBf)B? ■ ■ ■ B^_,iad,xi){Bi^^). 

Note that if B^'^ G Mij,, then {adcXi){B^'^) G Mij^, so [x^^u] G OCi. 

For the last case, let u G L\{xi} be a word that begins with the letter xi 
(it is the least letter); there exist s > 1, ii, . . . , t^ > 1 and non empty words 
ui, . . . ,Us in letters X2, ■ ■ ■ ,xq such that 

u = x-^ui . . . X{Us. 

We prove that [u]^ G 3Ci by induction on s, where the case s = 1 is as before. 
So for s > 1, if ti = vw, where {v,w) is the Shirshov decomposition of u, w 
must begin with the letter xi, because s > 1 and w is the least proper end 
of u. Then there exists /cGN, l<A;<s such that 

V = Xl Ui . . . Xl Uf;, W = X-i U/t+l . . . Xl Us. 

By inductive hypothesis, [v]^ , [w]^ G 3Ci, and finally 

Mc = He He - xidegv,degw) [w]^ [v]^ G Xi. 

Then we prove that L \ {xi} C Xi^ and B2 is generated by L \ {xi}; that 
is, kB2 C Xl, and Di{B2) = 0. 

If n G ker(L'i), we can write [u]^ = J2weB' '^w [Mc- ^^ ^ does not end 
with Xl, then w G B2, and Di{[w]^) = 0. But if if = u^jX-^^ , [uw]c G 
B2,0 <tw < hj{xi), we have 

Di{[wl) = {t^)g-i[u^lx{--\ 
where (ito) -1 7^ if nj does not divide i„,. Then 



w£B'j/tui>0 



= ^i(Nc) = 2^ a«,(i«,)g-i [uw]c3:i 



But [ii«;]c3;i" G -B2! and B2 is a basis, so a^ = for each w such that 
Ui does not divide t^. This concludes the proof. D 

2.3. Transformations of certain braided graded Hopf algebras. 

Let / be Z^-homogeneous ideal in G and *B = T(V)/I as in the previous 
Subsections. We fix i G {I, ... ,9}. 

Remark 2.5. ordg.jj = min{/c G N : F-*^ = 0}. 
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Proof. Note that, if A; G N, then Fi(xf ) = {k)q^^x'^~^, and for ah keN, 

That is, if F^ = 0, then {k)~i\ = 0. Hence ord^ii < min{A; € N : i^'' = 0}. 

Reciprocally, if qu is a root of 1 of order k, then Fj (x*) = for all t > A; by 
the previous claim, and F^{x\) = for all t < /c by degree arguments. Since 
Fi{xj) = for j ^i, Fj' = 0. D 

We now extend some considerations in \ii2\ p. 180]. We consider the 
Hopf algebra 

k(y, ei,e^ \eiy — q~^ yci, y^') where iVj is the order of nilpotency. 
Hi := < of Xj in !B, if Xj is nilpotent; 

_ k(y, ej, e^^\eiy - q'l^yci) if Xi is not nilpotent; 

A(ei)=ei(8)ei, A(y) = Cj y + y (g) 1. 

Notice that A is well-defined by Remark 12. 3i We also consider the action 
l> of Hi on 53 given by 

ei>b = x{u,ei)b, y>b = Fi{b), 

if b is homogeneous of degree u € N , extending the previous one defined in 
(j2.ip . The action is well-defined by Remark 12.31 and because 



{ay) t>b = ei> {Fi{b)) = q-i^Fi{ei >b)= (qii^yci) >b,ybe 53. 

It is easy to see that 53 is an Hi-module algebra; hence we can form 

A, := ^#Hi. 

Also, if we denote explicitly by • the multiplication in Ai, we have 

(2.10) {l#y).{b#l) = {e,>b#l)-{l#y)+Fi{b)#l, \fbG^. 

As in |H2] . Ai is a left Yetter-Drinfeld module over kF, where the action and 
the coaction are given by 

gk ■ Xj#l = qkjXj#l, <5(a;j#l) = gj ® Xj#l, 

9k-i#y = qkl^#y, <5(i#y) = <7r' ^ i#y, 

5fc-l#ei = l#ei, S{l#ei) = I ^ l#ei, 

for each pair k,j € {1, . . . ,6}. Also, Ai is a kP-module algebra. 



We now prove a generalization of |H21 Proposition 1] in the more general 
context of our braided Hopf algebras *B. Although the general strategy 
of the proof is similar as in loc. cit., many points need slightly different 
argumentations here. 
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Theorem 2.6. Keep the notation above. Assume that Mij(^) is finite and 

(2.11) \Mij{^)\=mij + l, je{l,...,9},j^i. 
(i) Let Vi be the vector subspace of Ai generated by 

{(a4xir-(x,)#l:jy^i}U{l#y}. 

The subalgebra Sj(*B) of Ai generated by Vi is a graded algebra such that 
Si{^y = Vi. There exist skew derivations Yi : Sj(*B) — > Sj(S) such that, for 
all 6i, 62 G Si{^), and l,j£{l,...,9},jy^ i, 

(2.12) Yj (6162) = hYj{b2) + Yj{b2) [g;""''g;' ■ b 

(2.13) Yi (6162) = biYi{b2) + Y,{bi) {g-^ ■ 61) , 

(2.14) Yi{{adcx,r'^^{xj)ifl) = 6ij, l^(l#y) = 6u. 

(ii) The Hilbert series of Si(J8) satisfies 

(2.15) 5{,^(<B) = I n qhjX'^^''^)] ^hM)- 

VaeA+(Q3)\{e,} / 

Therefore, if Si{^) is a graded braided Hopf algebra, 

A+{s,m) = {s, (A+ («)) \ {-e,}} U {e,} . 

(iii) If ^ = *B(y), then the algebra Sj(53) is isomorphic to the Nichols 
algebra ^{V). 

Proof. We prove (i). Note that Vi is a Yetter-Drinfeld submodule over kF of 
Ai. Now, Ai = ^ <Si Hi as graded vector spaces. Let Xi be the subalgebra 
generated by Uj^iMjj(*B), as in Lemma [2^ Then Sj(!B) C 3Cj (8) k [y], since 

Fi is a skew-derivation and Fj f4* ) = (^)g>>(l " Qii~^QijQji)zj!_i, by ([231). 
From (pro]) . 

(i#y) • (^^]#i) = (^^]#i) • (i#y) + i^ (^^]) #1. 

Also, as mjj + 1 = |Mjj(53)|, we have (mij)g..(l - g™"-' %gjj) / 0, so 
zIj^.. _iifl G •Si(^), and by induction each zj^ f^l, k = 0, . . . , ruij — 1 is an 
element of Sj(*B). Then 3Ci (8) k [y] C Sj(*B), and therefore 

(2.16) s,{^) = %i(^k[y]. 

Thus, Si(!B) is a graded algebra in ^^T) with Si{^Y = ^i- We have 
to find the skew derivations Yi G End{si{^)), I = 1,...,6. Set Yi := 
gl o ad(x.j7^1)|s-(!8). Then, for each b ^ Xi and each j ^ i 

ad{xi#l){b#l) = {adcx^){b)#l, 

ad(xi#l) ((adcXi)"*'^(xj)#l) = iadcXir'^^\xj)#l = 0. 
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Also, 

Yi{li^y) = gi^ ■ ((xi#l) • (l#y) - {g^ ■ (l#y)) • (x,#l)) 

= gi^ ■ {xi#y + 1 - gii {(ki^xi^y)) = i- 

Thus Yi € End{si{^)) satisfies (l2H]l . 

Therefore, ad(xi#l)(6i62) = ad(2;i#l) (61)62 + {g-i ■ 61) ad(xi#l)(62), for 
each pair 61,62 € Sj(*B), so we conclude that ad(a:;j#l)(sj(*B)) C Sj(*B), and 
Fi e Snd(si(<B)) satisfies ([2T3]l . 

Before proving that Yi satisfies ()2.12p . we need to establish some prelimi- 
nary facts. Let us fix j 7^ i, and let z^ = {adcXi)^{xj) as before. We define 
inductively 

We calculate 



where a. = (-1)^(7) ^^^.f/'^-^)/^^.. 

Note that (A)""''"^^ Dj{b) = 0, V6 G Mj^fc, A; ^ i,j, and 

(A)™-+' I?i(4*^'^) = (A)™-+' (9,7«rxr) =0, Vr < mi,-, 

so {Di)""'-^^^ Dj{Xi) = 0. This implies that, for each 6 G Xi, zin2(6) E 3<:i. 
Then, we define Yj G End{si{^)) by 

y,- (6#y™) := gr"g,^Ar;zfe-)(6)#y™, 6 G OC^m € N. 

We have yj(l#y) = 0, and if I ^ i,j, Yj{{adcX,)"'"{xi)#l) = 0. By the 
choice of Xij, Yj{{adcXi)^^^ {xj)^l) = 1. 

Now, using that Dk{gi ■ 6) = quWi ■ {D}^{h)), for each 6 G *B, and k^l G 
{1, . . . , 0}, we prove inductively that for 61, 62 G 3Cj, 

iF(6i62) = 6i4^)(62)+#)(6i)(5f<7,.62). 
Then, 

y. (6i#i . 62#1) = Yj {hb2#l) = XT^z^^^ (6i62)#l 

= fe2#l • Y,{b2#l) + y,(6i#l) • {gT'^gj ■ (62#1)) . 
By induction on the degree we prove that Fi commute with A) Dj, so 



^^i(i^^(b))=i^d^)^i W , V6g'B 
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Consider b e Xi <^ ker(A), 

y,(6#l.l#y) = y,(6#y) = g:^-g,4^)(6)#y 

= 6#1 • Yj (l#y) + Y, {b#l) . {gp^gj ■ (l#y)) , 
where we use that Yj{\^y) = 0. Then as 

6i#l-62#y* = &i#l-62#l-(l#y)*, 

(j2.12p is vahd for products of this form. To prove it in the general case, note 
that 

[hiH) ■ {b2#yl = (&i#i) • (i#y)* • {b2#yl 

At this point, we have to prove (|2.12p for b € %iker{Di), s G N: 
Yj{l#y.b#yn = Y,{Fi{b)#y^ + ie,>b#y)-l#y) 
= Cq^^lz^}^{F,{hr)#y' 

= (l#y) . y, (6#y^) 

= l#y ■ Y^ {b#y') + Y, (l#y) • [g^'' g^ ■ bi^y') , 
where we use that Zmi]{ei \>b) = q"-'^ QjiSi > (zm^j (6))- 

To prove (ii), note that the algebra Hi is Z^-graded, with 

degy = -ei,degef^ = 0. 

Hence, the algebra Ai is Z^-graded, because 03 and Hi are graded, and (j2.10p 
holds. 

Hence, consider the abstract basis {uj}-^r^ ^i of Vi, with the grading 

degUj = ej, QS(Vi) is Z -graded. Consider also the algebra honiomorphism 
Q : T{Vi) -^ s,(!B) given by 

nfu,):=l i^d^^^r^x,) 3 + i 

■' \ y J = ^• 

By the first part of the Theorem, $7 is an epimorphism, so it induces an 
isomorphism between Sj(*B)' := T(Vi)/ker $7 and Sj(!B), that we also denote 
n. Note: 

• degO(uj) = deg((a(icXi)™'^ {xj)) = ej + nnjei = Sj(degUj), if j / i; 

• degQ{ui) = deg(y) = -e^ = Sj(degUi). 

As ri is an algebra homomorphism, deg(J7(u)) = Sj(deg(u)), for all u G 
Si(«B)'. As sf = id, Si(deg(ri(u))) = deg(u), for all u G Si(*B)', and iDs^(*B)' = 

Prom this point, the proof goes exactly as in |AA[ Theorem 3.2]. 
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The statement in (iii) is exactly [H2^ Prop. 1]. D 

By Theorem 1 2. 6 1 the initial braided vector space with matrix {qkj)i<k,j<9 
is transformed into another braided vector space of diagonal type Vi, with 
matrix {qkj)i<k,j<e, where qjf, = q'^"''^"''q'^"'qfi"'qjk, j,k e {I, . . . ,6} . 

If j ^i, then m-J = min {m € N : (m + l)g^^ {q'S'^iflji = O) } = mij. 

For later use the previous Theorem in Section [Sj we recall a result from 
|AHSj . adapted to diagonal braided vector spaces. 

Lemma 2.7. Let V a diagonal braided vector space, and I an ideal ofTiV). 
Call^ := T{y)/I, and assume that there exist (id, ai)- derivations Di : ^ ^> 
*B with Di{xj) = 6ij for all j. Then, I C I{V). 

That is, the canonical surjective algebra morphisms from T{V) onto *B, 
53 (V) induce a surjective algebra morphism 53 -^ ^{V). 

Proof. See [^HSl Lemma 2.8(ii)] D 

3. Standard braidings 

In |H3j . Heckenberger classifies diagonal braidings whose set of PBW 
generators is finite. Standard braidings form an special subclass, which 
includes properly braidings of Cartan type. 

we first recall the definition of standard braiding from |AAj , and the no- 
tion of Weyl groupoid, introduced in |H2j . Then we present the classification 
of standard braidings, and compare them with |H3j . 

As in Heckenberger's works, we use the notion of generalized Dynkin di- 
agram associated to a braided vector space of diagonal type, with matrix 
iqij)i<i,j<9- this is a graph with 6 vertices, each of them labeled with the 
corresponding qa, and an edge between two vertices i,j labeled with qijqji 
if this scalar is different from 1. So two braided vector spaces of diago- 
nal type have the same generalized Dynkin diagram if and only if they are 
twist equivalent. We shall assume that the generalized Dynkin diagram is 
connected, by |AS21 Lemma 4.2]. 

Summarizing, the main result of this Section says: 

Theorem 3.1. Any standard braiding is twist equivalent with some of the 
following 

• a braiding of Cartan type, 

• a braiding of type Ag listed in Proposition \3.!^ 

• a braiding of type Bg listed in Proposition \3.10\, 

• a braiding of type G2 listed in Proposition \3.11[ 

The generalized Dynkin diagrams appearing in Propositions 13.9 1 and 13. lOl 
correspond to the rows 1,2,3,4,5,6 in |H3l Table C]. Also, the generalized 
Dynkin diagrams in Proposition 13.111 are (T8) in |HH Section 3] . However, 
our classification does not rely on |H3| . 
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3.1. Definitions of Weyl groupoid and standard braidings. 

Let E = (ei, . . . , eg) be the canonical basis of Z, . Consider an arbitrary 
matrix {qij)i<ij<0 € (k^) , and fix once and for all tiie bilinear form 
X : Z^ X Z^ ^ k^ determined by 

(3.1) x{ei,ej) = qij, l<i,j<9. 

li F = (fi, . . . , fe) is another ordered basis of Z^, then we set qij = x(fj, fj), 
1 ^ ^)J ^ ^- We call (qij) the braiding matrix with respect to the basis F. 
Fix i G {1, . . . , 0}. If 1 < i, j < 9, then we consider the set 

Mij := {m e No : (m + 1)^,, (qSqijqji " 1) = 0}. 

If this set is nonempty, then its minimal element is denoted fhij (which 
of course depends on the basis F). Define also fha = 2. Let Si^p G GL(Z^) 
be the pseudo-reflection given by Si^pi^j) '■= fj + rhyfi, j G {1, . . . , 6'} . 

Let G be a group acting on a set X. We define the transformation groupoid 
as (5 = G X X, with the structure of groupoid given by the operation 
{g, x){h, y) = {gh, y) if x = h{y), but undefined otherwise. 

Definition 3.2. Consider X the set of all ordered bases of Z^, and the 
canonical action of GL(Z^) over X. The smallest subgroupoid of the trans- 
formation groupoid GL{ZP) x X that satisfies the following properties: 

. (id,£;)Gi^(x), 

• if (id, F) G W{x) and Si^p is defined, then {si^p,F) G W{x), 
is called the Weyl groupoid W{x) of the bilinear form x- 

Let ^(x) = {F : (id, F) G VF(x)} be the set of points of the groupoid 

W{x)- The set 

(3.2) A(x)= U ^• 

is called the generalized root system associated to x- 

We record for later use the following evident facts. 

Remark 3.3. Let i G {1, ■ ■ ■ ,0} such that Si^p is defined. Let F = Si^p{E) 
and ijiij) the braiding matrix with respect to the basis F. Assume that 

• %« = — 1 (and then, niik = if qikqki = 1 or niik = 1, for each k ^ i); 



there exists j ^^ i such that qjjqjiqij = 1 (that is, ruij 



m 



'ji 



Then, qjj = — 1. 

Proof. Simply, q^j = quqijqjiqjj = qu = -1. D 

Remark 3.4. If the ruij satisfies q^^^ qijqji = 1 for all j ^ i, then the 
braiding of Vi is twist equivalent with the corresponding to V. 

Let a : Wix) -^ GL{e,Z), a{s,F) = s if (s,F) G W{x), and denote by 
Wo{x) the subgroup generated by the image of a. 
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Definition 3.5. jAA] We say that x is standard if for any F € ^(x)i the 
integers rrirj are defined, for all 1 < r,j < 9, and the integers rrirj for the 
bases Si^F{F) coincide with those for F for all i,r,j. Clearly it is enough to 
assume this for the canonical basis E. 

We assume now that x is standard. We set C := (aij) G Z , where 
ffljj = —ruij: it is a generalized Cartan matrix. 

Proposition 3.6. |AAj Wo{x) = {si,E : I < i < 9). Furthermore Wo{x) 
acts freely and transitively on ^(x)- D 

Hence, Wo{x) is a Coxeter group, and Wo{x) and ^{x) have the same 
cardinal. 

Lemma 3.7. |AAj The following are equivalent: 

(1) The groupoid W{x) is finite. 

(2) The set <p(x) is finite. 

(3) The generalized root system A(x) is finite. 

(4) The group Wo{x) is finite. 

If C is symmetrizable, (l)-(4) are equivalent to 

(5) The Cartan matrix C is of finite type. D 

We shall prove in Theorem 14.11 that if A(x) is finite, then the matrix C 
is symmetrizable, hence of finite type. Then, ^{V) is of finite dimension if 
and only if the Cartan matrix C is of finite type. 

3.2. Classification of standard braidings. We now classify standard 
braidings such that the Cartan matrix is of finite type. We begin by types 
Cq,Dq,Ei {I = 6,7,8) and F4: these standard braidings are necessarily of 
Cartan type. 

Proposition 3.8. Let V be a braided vector space of standard type, 9 = 
diuiV, and C = (aij)ijg{i,...,e} the corresponding Cartan matrix, of type 
Cg,Dg,Ei (/ = 6,7,8) or F4. Then V is of Cartan type (associated to the 
corresponding matrix of finite type). 

Proof. Let V be standard of type Cg, 9 > 3. 

(3.3) oi o2 o3 ... 0^-2 ^e-i^=^e 

Note that, if we suppose qg^i^^i = —1, as mg_i^g = 2 and g|_^ q_-^ 7^ 1, 
we have 

so mgg^i = mg^ig = 0, but this is a contradiction. Then Q'e-1,0-1 7^ —1, 
and mg^i 0_2 = 1, so qg^ifi^iqg^ifi^2Qe~2,e-i = 1- Using Remark [3i3] when 
i = 9 — 2, j = 9 — 1, as qg-i^-i 7^ —1 when we transform by sg-2 (since the 
new braided vector space is also standard), we have ge-2,e-2 / —1, so 

qe-2,e-2qe-2,e-iqe-i,e-2 = qe-2,e-2qe-2,e-3qe-3,e-2 = 1, 
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and qe-1,0-1 = qe-2,0-2- Inductively, 

qkkQk,k-lQk-l,k = Qkkqk,k+iqk+l,k = 911912921 = 1, k = 2, ..., 9 — 1 

and 911 = 922 = • • • = 96»-i,6»-i- So we look at qee' as mefi-i = !> we have 
qee = -1 or qeeqe,e-iqe~i,e = 1- If qee = -1, transforming by se, we have 

96»-i,6»-i = —q , qe-i,eqe,e-i = q , 

and as 1710^1^0^2 = Ij we have q'^ = —1. Then 

1 2 

qeeqe,e~iqe-i,e = i, qee = q , 

and the braiding is of Cartan type in both cases. 

Let V be standard of type Dg, 9 > 4. 

We prove the statement by induction on 9. Let V be of standard D4 type, 
and suppose that (722 = — 1- Let (ijij) the braiding matrix with respect to 
F = S2,e{E). We calculate for each pair j ^ k G {1, 3, 4}: 

qjkqkj = {{-'^)q2kqj2qjk) {{-'^)q2jqk2qkj) = (92fc9fc2) (92i9i2) , 

where we use that qjkqkj = 1- As also qjkqkj = 1, we have 92fc9fc2 = 
(92^9^2)"^ , j ¥" k, so 92fc9fc2 = -I, k = 1,3,4, since 92fc9fe2 / 1- In this 
case, the braiding is of Cartan type, with q = —1. Suppose then (722 7^ — 1- 
From the fact that m2j = 1, we have 

92292i9i2 = 1, j = 1,3,4. 

For each j, applying Remark 13.31 as ^22 ¥" ~f) we have qjj 7^ —1, so 
QjjQ2jqj2 = 1, i = li 3, 4, and the braiding is of Cartan type. 



(3.4) oi o2 o3 . . . 0^-2 



"6»-l 

We now suppose the statement valid for 9. Let y be a standard braided 
vector space of type -Dg+i- The subspace generated by X2, ■ ■ ■ ,X0^i is a 
standard braided vector space associated to the matrix {qij)ij=2,...,e+i, of 
type Dq, so it is of Cartan type. To finish, apply Remark 13.31 when i = 
1, J = 2, so we obtain that V is of Cartan type with q = —1, or if (722 7^ —1; 
we have qu ^ —1, and 911912921 = 1, and in this case it is of Cartan type 
too (because also qikqki = 1 when k > 2). 

Let V be standard of type Eq. Note that 1,2,3,4,5 determine a braided 
vector subspace, which is standard of type Z?5, so it is of Cartan type. Then 
to prove that 966965956 = 1, we use Remark 13.31 as above. 
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(3.5) 



04 



// V is standard of type Ej or Eg, we proceed similarly by reduction to 
Eq, respectively E'y. 



(3.6) 



(3.7) 



q1 q2 q3 q4 q6 q7 



05 

^5 



06 



Let V be standard of type F^. The vertices 2,3,4 determine a braided 
subspace, which is standard of type C3, so the qij satisfy the corresponding 
relations. Let ijiij) the braiding matrix with respect to F = S2^e{E). As 
mq-ii = 1 and 922923932 = 1, we have 922912921 = 1- 



(3.8) 



=^ o 



Now, if we suppose 911 = —1, applying Remark 13.31 we have 922 = — 1 = 
921912, and then it is corresponding vector space of Cartan F4 type associated 
to 9 G G4. If 911 7^ —1, then 911912921 = l, and also it is of Cartan type. 

D 



To finish the classification of standard braidings, we describe the stan- 
dard braidings that are not of Cartan type. They are associated to Cartan 
matrices of type Aq,Bq or G2- 

We use the same notation as in jH3j : C{6, q;ii, . . . ,ij) corresponds to the 
generalized Dynkin diagram 



(3.9) 
where 



?-i 



• 9 = Qe-i,eqe,e-iqee holds, 1 < ii < 

• equation 9j_i^j9j^j_i = 9, where 1 < i < 9, is valid if and only if 
i € {ii,i2,...,ij}, so each qi^^i^ = -1, t = l,...,j; 

• 9m = Q^^ if « / ii,...,ij. 



<ij< 
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Then, the labels of vertices between it and it+i are all equal, and they 
are labeled with the inverse of the scalar associated to the vertices between 
it+i and it+2, the same is valid for the scalars that appear in the edges. 

Proposition 3.9. Let V be a braided vector space of diagonal type. Then 
V is standard of Aq type if and only if its generalized Dynkin diagram is of 
the form: 

(3.10) C{6,q-ii,...,ij). 

Note that the previous braiding is of Cartan type if and only if j = 0, or 
j = n with q = —1. 

Proof. Let F be a braided vector space of standard Ag type. For each vertex 
1 < i < 6* we have qu = -1 or quqi^t^iqi^i^i = qaqi^i+iqi+i^i = 1, and the 
corresponding formulas for f = 1, ^. So suppose that 1 < i < 9 and qu = —1. 
We transform by Si and obtain 

qi~l,i+l = —Qi,i+lQi-l,iqi-l,i+l, Qi+l,i-l = —QiA-lQi+lAQi+l,!-!, 

and using that mj_i^j_|_i = mj_i^j_|_i = 0, we have gj_i^i+igi+i^i_i = 1 and 
gi_i,i+igj+i,j_i = 1, so we deduce that qi,i+i qi+i,i = (gj,j_igj_i,j)"^ Then 
the corresponding matrix (qij) is of the form (j3.10p . 

Now, consider V of the form 13.101 Assume qu = q , if we transform by 
Si, then the braided vector space Vi is twist equivalent with V by Remark 
13. 4[ Thus, niij = nrnj. 

Assume qu = —1. We transform by Sj and calculate 



Ijj^ 




\j -i\>i; 


(-l)g^ig±i = 


-1, 


j =i±l, qjj = q^'^; 


(-l)g±i(-l) = 


^Q^\ 


j =i±l, qjj = -l- 



Also, qijqji = Qij^Qji^ if \j - i| > 1, and 

qkjqjk = {q^kqk^rHq^mr^'<lkJqJk = { f''^'' ^r,'L''i|tl1 + i.' 

Then Vi has a braiding of the above form too, and (—rriij) corresponds to 
the finite Cartan matrix of type Ag, so it is a standard braiding of type Ag. 
Thus this is the complete family of standard braidings of type Ag . D 

Proposition 3.10. Let V a diagonal braided vector space. Then V is stan- 
dard of type Bg if and only if its generalized Dynkin diagram is of one of the 
following forms: 

(a) i 1-' ^ , CGG3, qeGN,N>A (9 = 2); 



o o' 

(C{e~l,q^;h,...,ij^ 



-2 q 

-0 



^^^ ^y.~.,q,n,...,^,> j ^ ^ (? / - 1, < j < d - 1; 
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(C{9~l,~(-^;ti,...,i,^ 



-U 



(r) ^^"~^'~^ .^1. ■■■.-.; ; ^^ ^^^^^ 0<j<d-l. 

Note that the previous braiding is of Cartan type if and only if it is as in 
(b) and j = 0. 

Proof. First we analyze the case 6 = 2. Let V a standard braided vector 
space of type i?2- There are several possibilities: 

• 'luQi2q2i = 922921912 = 1: this braiding is of Cartan type, with 
q = 911 . Note that 9 ^ — 1. This braiding has the form (b) with 

e = 2,j = o. 

• 9ii 912921 = 1, 922 = —1- We transform by S2, then 

911 = -9n ' 5i292i = 9r2^92i^- 

Thus 9fi9i292i = 1. It has the form (b) with j = I. 

• qii = I, 922921912 = 1. We transform by si, 

922 = 911912921, 912921 = 9ii9r2^92i^- 

So 922921912 = 1, which is the case (a). 

• qfi = I, 922 = —1: we transform by si, 

922 = -912921 911; 5l2921 = 9ii9r2^92i^- 
If we transform by S2, 

911 = -912921911, 912921 = 9r2^92i^- 

So 912921 = i9ii, and we discard the case 912921 = 9ii because it 
was considered before. Then it has the form in case (c) with j = 0, 
and is standard. 

Conversely, all braidings (a), (b) and (c) are standard of type i?2- 
Let now V of type Bg, with 9 > 3. Note that the first 6 — 1 vertices 
determine a braiding of standard Ag-i type, and the last two determine a 
braiding of standard B2 type; so we have to 'glue' the possible such braidings. 
The possible cases are the two presented in the Proposition, and 

3 0-1 C 



(C(e - 2, g; 11, ... , tj))-i C>-^^ O 



But if we transform by sg , we obtain 

96»-i,e-i = C9~ , qe-i,e-2qe-2,e-i = q~ , 

so 1 = 96»-i,0-i9e-i,6»-29e-2,6»-i and we obtain q = ±C, or qe^i^^i = -1. 
Then, q = — C oi q = —1, so it is of some of the above forms. 

To prove that (b), (c) are standard braidings, we use the following fact: 
if rriij = (that is, qijqji = 1) and we transform by Sj, then 

9ji = Qjj^ qjkQjk = qjkQkj {k 7^i)- 

In this case, if \i — j\ > 1, then ruij = 0; if j = i it 1 we use the fact that 
the subdiagram determined by these two vertices is standard of type B2 or 
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type A2. So this is the complete family of all twist equivalence classes of 
standard braidings of type Bg. D 

Proposition 3.11. Let V a braided vector space of diagonal type. Then V 
is standard of type G2 if and only if its generalized Dynkin diagram is one 
of the following: 

(a) ^ 1-' g , ordg>4; 

(b) There exists C G Gg such that 

(i) tAio'- 

o — - — o' 

C c^ -1 
o o' 



(11) n '' o> or 



(iii) 
Note that the previous braiding is of Cartan type iff it is as in (a). 



Proof. Let V be a standard braiding of G2 type. There are four possible 
cases: 

• QnQi2Q2i = 1, Q22Q21Q12 = 1: this braiding is of Cartan type, as 
in (a), with q = qu. Note that if q^ is a root of 1, then ord g > 4 
because mi2 = 3. 

• QnQi2q2i = 1, ^22 = — 1: we transform by S2, 

qn = -Qu, 512921 = ^2^921"^- 

If 1 = qjiqi2Q2i = —Qu : then qi2q2i = — 1, and the braiding is of 
Cartan type with qu G Gq. If not, 1 = qfi = q^^ and ordgn = 4, so 
ordcj'ii = 8. Then we can express the braiding in the form (b)-(iii). 

• qfi = 1, q22q2iqi2 = 1: we transform by si, 

922 = 911912921' 912921 = — 9l2 921 • 

If 1 = 922921912 = -911912921, we have 9ii9i292i = 1 because qf^ = 
— 1, and this is a braiding of Cartan type. So we consider now the 

case — 1 = 922 = 9ii9i292ii s° ^^ obtain g^g = 9^ ^^^ 922 G Gg- 
Then we obtain a braiding of the form (b)-(i). 

• qfi = I, 0^22 = —1: we transform by S2, 

911 = -912921911, 912921 = 9r2^9^i^- 

If 911 G G4, then (912921)"^ = 1- 9i292i / 1 and 912921 ¥" qu because 
mi2 = 3. So, 912921 = -1 or 912921 = 9ii = 9ri^, but these cases 
already were considered. So we analyze the case 

1 = 9ii9i292i = 911912921, 

so we can express it in the form (b)-(ii) for some C S Gs- 

A simple calculation proves that this braidings are of standard type, so they 
are all the standard braidings of G2 type. D 
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4. Nichols algebras of standard braided vector spaces 

In this section we study Nichols algebras associated to standard braid- 
ings. We assume that the Dynkin diagram is connected, as in Section [3l In 
subsection 14. II we prove that the set A'^(^{V)) is in bijection with Aj, the 
set of positive roots associated with the finite Cartan matrix C. 

We describe an explicit set of generators in subsection l4.2l following |LRj . 
We adapt their proof since they work on enveloping algebras of simple Lie 
algebras. In subsection 14.31 we calculate the dimension of Nichols algebra 
associated to a standard braided vector space, type by type. 

4.1. PBW bases of Nichols algebras. The next result is the analogous 
to |H2l Theorem 1] but for braidings of standard type. 

Theorem 4.1. Let V be a braided vector space of standard type with Cartan 
matrix C . Then the following are equivalent: 

(1) The set A{^{V)) is finite. 

(2) The Cartan matrix C is of finite type. 

Proof (1) => (2) If A (!B {V)) is finite, then A{x) C A(«B(y)) is also finite. 

► If C is symmetrizable, (2) holds by Lemma 13.71 

► Let C be non symmetrizable. We prove that either the corresponding 
set A(x) is not finite, or else there does not exist any standard braided 
vector space associated with this matrix C. The proof follows the same 
steps as in |H2j for the corresponding result about braided vector spaces of 
Cartan type. The unique step where he uses the Cartan type condition is 
the following, that we adapt to the standard type case. We restrict the proof 
to the case where the generalized Cartan matrix is not symmetrizable, and 
the corresponding Dynkin diagram is not simply laced cycle, such that after 
removing an arbitrary vertex the resulting diagram is of finite type. At this 
stage, as in loc. cit., we reduce to the following cases: 

• For 9 = 5, there is only one multiple edge, because there are no two 
multiple edges at distance one (we remove a vertex which is not an 
extreme of these multiple edges and obtain a diagram of non finite 
type). Then we have an unique double edge, 

\ 



Co = 


/ 2 
-1 


I" 


-2000 
2-100 

-12-10 
0-12-1 
0-12 


, if we SI 
QuQi2q2i 


ippose qn = —1, from m 
= Q12Q21, and then mi2 - 



Note that, if we suppose q\\ = —1, from mi2 = 2 and qf^ 7^ 1, we 
have 1 = qliqi2Q2i = 912921, and then mi2 = m2i = 0, which is not 
possible. Then qn ^ —1, and from 77115 = 1) we have 911915951 = 1. 
Following Remark 13.31 for i = 5,j = 1, we have 555 7^—1, because in 
other case, qu = — 1 when we transform by S5, which is not possible 
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(the new braiding is also standard). Then gssgsigis = 555f754q'45 = 1, 
and gii = (755. Now, also from Remark 13.31 but for i = 4,j = 5, as 
555 7^ —1, it follows that 544 7^—1, and then 

g44<?45<?54 = (?44943?34 = 1, 944 = Qbb- 

Following, 

933?34Q'43 = 533532923 = 522523532 = 522521512 = Ij 

and 522 = 533 = 544 = 555 = 511- But then 511512521 = 1, and 
mi2 = 1, a contradiction. Then there are no standard braidings 
with Cartan matrix Cq. 

For ^ = 4, we consider the matrix 

/ 2 -2 -b \ 

-1 2 -c 

-/ 2 -d ' 

\-e -g 2 ) 

where 6e, c/, dg = 1, 2, because there are no triple edges. The proof 

is the same as in |H2| . and we obtain that A(x) is infinite in this 

case. 

For = 3, we consider the matrices ij corresponding to s,,, i = 1, 2, 3: 



ii = 1 , t2 



-1 


-ai2 


-ai3 





1 











1 


1 











1 





-031 


-032 


-1 



1 








^21 




-1 




-031 
1 



h = 

The proof is as in |H2j . and A(x) is infinite in this case too. 

(2) =^ (1) Let y be a standard braided vector space with Cartan matrix 
of finite type. Then the matrix C is symmetrizable. We fix vr = {ai, . . . ,ag} 
a set of simple roots corresponding to the root system Ac of C. We define 
the Z-linear map 

(f) : Ztt -^ Z , (t>{ai) := e^. 

Consider the action of Si over Ac as the refiection corresponding to the 
simple root Oj; then (/> is a VF-module morphism. Each /? E Ac is of the 
form (3 = w{ai), and w; = Sj^ • • • Sj^., for some ii, . . . , ifc G {1, . . . , 9}. Then 

HP) = (Pi^h ■ ■ ■•5jfc("i)) = Sii • ■ ■Si^^(|){ai) = Si^ ■ ••Sjj^(ej), 

thus0(Ac) C A(5S(y)). 

Suppose that A (*B(y)) ^ (j){Ac)- In this case, we give a different proof to 
the one in |H2j . based in the fact that C is positive definite. Let a be a root 
of minimum height in the non empty set A {^(y)) — (j){Ac)- First, a 7^ mai, 
for all 771 G N, and i = 1, . . . ,6, because mai ^ A (JB{V)) -^ m = ±1, but 
±aj G (/)(Ac). Therefore, for each Si, as a is not a multiple of a,, we 
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have Si{a) € A(!B(y)) — (p{Ac), and then gr{si{a)) — gr{a) > 0. As a = 
Yli=i biOii, we have J2i=i ^i^ij — 0' ^^^ ^^ ^j — 0> '^^ have ^^ ■ j^ biUijbj < 0. 
This contradicts the fact that (aij) is definite positive, and (bi) > 0, (6j) 7^ 0. 
Then(^(Ac) = A(!B(T/)). D 



Corollary 4.2. Let V be a braided vector space of standard type, 9 = d\ra.V , 
andC = {aij)i^j£{i^...fi\ the corresponding generalized Cartan matrix of finite 
type. Then 

(a) (/){Ac) = A(*B(y)), where as before (j) : Zvr -^ Z^ is the "Z-linear 
map determined by (j){ai) := ej. 

(b) The multiplicity of each root in A is one. 

Proof, (a) fohows from the proof of (2) =^ (1) of the preceding Theorem. 

Using this condition, as each root is of the form /? = w{ai),'w € W,i € 
{1, . . . ,6}, doing a certain sequence of transformations Sj's, this is the degree 
corresponding to a generator of the corresponding Nichols algebra, so the 
multiplicity (invariant by these transformations) is 1. D 

4.2. Explicit generators for a PBW basis. 

From Corollary 14.21 we restrict our attention to find one Lyndon word 
for each positive root of the root system associated with the corresponding 
finite Cartan matrix. 

Proposition 4.3. |LR1 Proposition 2.9] Let I be an element of Sj. Then I 
is of the form I = li . . . l^a, where 

• li £ Sj, for each i = 1, . . . ,k; 

• li is a beginning ofU-i, for each i > 1; 

• a is a letter. 

Also, if I = uv is the Shirshov decomposition, then u,v € Sj. D 

In what follows, we describe a set of Lyndon words for each Cartan matrix 
of finite type C. 

Consider a = '^j=ia,jaj € A"*", let la S Sj be such that degla = a. 
Let la = IjSj^ . . . Ipf^Xs be a decomposition as above, where s G {1, . . . , ^} and 
deglpj = (ij. Note that, as each Ip^ is a beginning of ^/3j_i, all the words 
begin with the same letter x', and as / is a Lyndon word, x' < Xg. Therefore, 
x' is the least letter of /, so 



x' 



i, i = min{j : Oj ^ 0} =^ a = N^ cljOj. 

j=i 

Then fc < a^ < 3 - for the order given in ([SJ]), ([33]), ([33]), dSSD, (132!), ^M 
{ai = 3 appears only when C is of type G2). 

Now, each Ip. € Sj, so f3j £ A"*"; i.e., it corresponds with a term of 

the PBW basis. Also J2j=iPj + Os = "• If A; = 2, we have (3i — (32 = 
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J2j=i ^'j'^j-i ^j ^ 0) because /32 is a beginning of /3i (the analogous claim is 
valid when the matrix is of type G2, and A: = 3). With these rules we define 
inductively Lyndon words for a PBW basis corresponding with a standard 
braiding for a fixed order on the letters as in [LRj . but taking care that 
in their work they use the Serre relations. Now we have Serre quantum 
relations and some quantum binomial coefficients maybe are zero. 

Type Ag: In this case, the roots are of the form 

j 
^ij ■='^'^k, l<i<j<0. 

k=i 

By induction on s = j — i, we have 

''Hi J — ^i^i+l ■ ■ ■ Xj- 

This is because when s = we have i = j, and the unique possibility is 
^ui i = Xi. Then if we remove the last letter (when j — i > 0) , we must 
obtain a Lyndon word, so the last letter must be Xj. 

Type Bq: For convenience, we use the following enumeration of vertices: 
(4.1) ^1 ^= ^2 .3 



o ' ■- o o 



The roots are of the form \iij := J2k=i '^k, or 

i j 

fc=l k=i+l 

In the first case, as above we have l^^. . = XiXi^i . . . Xj. In the second case, 
note that if j = i + 1, we must have Xj+i as the last letter to obtain a 
decomposition in two words xi • • • Xj; if j > i + 1, then the last letter must 
be Xj, so we obtain that 

Kij = a;ia;2 • • • XiXiX2 ...Xj. 

Type Cg: The roots are of the form Ujj- := J2k=i '^k-, or 

i-i e-i 

^i,j ■=Y^oik + 2Y^ak + aB, i<j<0. 

k=i k=j 

As before, l^ij = XjXj+i . . . Xj. Now, if i < j, the least letter Xi has degree 
1, so if we remove the last letter, we obtain a Lyndon word; i. e., Wjj- — Xs 
is a root, and then Xs = Xj, so 

Iwij = XiXi+i . . . Xg_iXgXg_i ...Xj. 

When i = j, Cj = 2, so there are one or two Lyndon words f3j as before. 
As w — Xs is not a root, for s = i + 1,...,^, and i < s, there are two 
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Lyndon words /3i > (^2, and /3i + /32 = 2 J2k~i ^k- The unique possibility is 
(3i = (32 = XiXi+i . . . xg_i; i. e., 

Iwi^i = XiXi+i . . . Xg_iXiXi+i . . . Xo_iX0. 

Type Dq: the roots are of the form Ujj- := X^{,^j a/c, 1 < i < J < 0, or 
i-i 0-2 

^«J ■= ^(^k + '^^oik + ae^i + ae, i<j<0-2, 

k=i k=j 

e-2 
Zj := ^Ofc + ag, I <i <8 -2. 

k=i 

As above, /u,,j = a^i^^i+i . . . Xj if j < n — 1. When the roots are of type Zj, 
as Zj — Xs must be a root (if Xg is the last letter), we have s = 9, and then 
^z, = XiXi+i . . . xg-2Xe is the unique possibility. 

Now, when a = Uj^g, the last letter is xg-i or xg: if it is xg, we have 
lui^e = XiXi+i . . . xg_ixg. As me_i^g = 0, we have xg-ixe = qe-ifiXexe-i, so 

XiXi+i . . . xe-ixg = XiXi+i . . . xg_2XeXg-i mod /, 

and then XjXj+i . . . xg_iXe ^ Si. So, lu^g = Xj . . . xg_2XgXg_i. 

In the last case, note that if j = n — 2, the unique possibility is Pt as 
before, because the least letter Xj has degree 1 and as a — a^ is a root, 
Xs = xg_2- Then lz^g_^ = Xj . . . xg_2XgXg_iXg_2, and inductively, 

k,j = Xj . . . Xg^2XgXg^iXg^2 ■■■Xj. 

Type Eq: Note that if a = X]7=i^i'^j ^^'^ ^6 = 0) then it corresponds 
with the Dynkin subdiagram of type D^ determined by 1,2,3,4,5, and we 
obtain la as above. If oi = it corresponds with the Dynkin subdiagram 
of type -D5 determined by 2, 3, 4, 5, 6 - the numeration is different of the 
one given in 13.41 Anyway, the roots are defined in a similar way, and we 
obtain the same list as in |LRl Fig.l]. If 04 = 0, then a corresponds with 
the Dynkin subdiagram of type A^ determined by 1, 2, 3, 5, 6. 

So we restrict our attention to the case hj 7^ 0, i = 1,2,3,4,5,6. We 
consider each case: 

• a = ai + q;2 + 0:3 + 04 + 05 + ae'. as ai = 1, a — a^ = Pi is a 
root, where as is the last letter. Then s = 2 or s = 6. In the second 
case, //3^ = X1X2X3X4X5, but using that X2X3 = ^'23X3X2, we have that 

X1X2X3X4X5 ^ Sj. So S = 2, and la = XiX3X4X5X6X2. 

• a = «! + 02 + CK3 + 2a4 + Q5 + Qg: from oi = 1, we note that 
a — as = Pi is a root. Then s = 4, and la = X1X3X4X5X6X2X4. 

• a = ai + a2 + 2as + 2q4 + a^ + aQ-. from ai = 1, a — a^ = /3i is a 
root. So s = 3, and la = X1X3X4X5X6X2X4X3. 

• a = ai + Q2 + 03 + 2a4 + 2a5 + ag: from ai = 1, a — a^ = /3i is a 
root. The unique possibility is s = 5, and la = X1X3X4X5X6X2X4X5. 



ON NICHOLS ALGEBRAS WITH STANDARD BRAIDING 31 

• a = ai+a2 + 2a3 + 2a4 + 2Q;5 + ae: as above oi = 1, and a — Us = Pi 
is a root. So s = 3, and la = xiX3X4^X5XqX2X4X5Xs. 

• a = ai + 02 + 2a3 + 804 + 205 + uq: from ai = 1, a — a^ = /?i is a 
root. Then s = 4 and la = xix^XiX^XQX2X/ix^x^Xi. 

• a = ai + 2a2 + 203 + 3a4 + 2a^ + ag: from oi = 1, a — a^ = /9i is 
a root. So s = 2, and la = xix^x/ix^xqX2X/ix^x^X4. 

Type E-j: If a = X],=ifljCtj and a-j = 0, the root corresponds to the 
subdiagram of type -Dg determined by 1,2,3,4,5,6, and we obtain la as 
above. If ai = 0, it corresponds to the subdiagram of type Eq determined 
by 2,3,4,5,6,7. If 05 = 0, then a corresponds to the subdiagram of type 
Aq determined by 1, 2, 3, 4, 6, 7. 

As above, consider each case where Qj / 0, i = 1, 2, 3, 4, 5, 6, 7: 

• a = tti + 02 + «3 + ct4 + as + as + on'- as oi = 1, a — a^ = Pi 
is a root, if ag is the last letter. Then s = 2 o s = 7. In the 
second case, Ip^ = xiX2X^XiX^x%, but from 2:2X3 = ^23X3X2, we have 
X1X2X3X4X5X6X7 ^ Sj. So s = 2, and la = X1X3X4X5X6X7X2. 

• a = ai + a2 + a-i + 2a4 + 0:5 + ae + 0^7: now, s = 4, 7. We 
discard the case s = 7 using that m-47 = 0, and then s = 4: 

la = X1X3X4X5X6X7X2X4. 

• a = ai + a2 + 2a3 + 2a4 + 05 + 06 + 07: as above, s = 3, 7, but we 
discard s = 7 using that 77137 = 0, so la = X1X3X4X5X6X7X2X4X3. 

• a = ai + 02 + 0:3 + 2a4 + 2a5 + 05 + ^7: now, s = 5, 7, and discard 
the case s = 7 because 7n,57 = 0, and la = X1X3X4X5X6X7X2X4X5. 

• a = ai + a2 + 2a3 + 204 + 205 + ae + O-T- s = 3, 7, and as above we 
discard the case s = 7, so Zq = X1X3X4X5X6X7X2X4X5X3. 

• a = Qi + a2 + 2a3 + 3a4 + 205 + og + 07: s = 4, and /q = 
X1X3X4X5X6X7X2X4X5X3X4. 

• a = ai + 2a2 + 203 + 3a4 + 2q5 + Qg + 07: s = 2, as above, and 

la = X1X3X4X5X6X7X2X4X5X3X4X2. 

• a = Qi + 02 + ^3 + 2q4 + 2a5 + 2a6 + a7:as above, the unique 
possibility is s = 6, so la = X1X3X4X5X6X7X2X4X5X6. 

• a = ai + a2 + 2a-i + 2a4 + 2a^ + 2a^ + a7: s = 3, and la = 
X1X3X4X5X6X7X2X4X5X6X3. 

• a = ai + a2 + 2a3 + 3q;4 + 2a^ + 2a6 + 07: s = 4, and /q = 
X1X3X4X5X6X7X2X4X5X6X3X4. 

• a = ai + 2a2 + 2q3 + 3a4 + 2q5 + 2a6 + 07: s = 2, and la = 

X1X3X4X5X6X7X2X4X5X6X3X4X2. 

• a = ai + 02 + 2a3 + 3a4 + 2>a^ + 2a6 + 07: s = 5, and /q = 
X1X3X4X5X6X7X2X4X5X6X3X4X5. 

• a = ai + 2a2 + 2a^ + 3a4 + 3q5 + 2aQ + 07: as above, s = 2, and 
/q = X1X3X4X5X6X7X2X4X5X6X3X4X5X2. 

• a = ai + 2a2 + 2q3 + 4a4 + 3q5 + 2a6 + 07: s = 4, and la = 
X1X3X4X5X6X7X2X4X5X6X3X4X5X2X4. 
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• a = ai + 2a2 + 803 + 4a4 + 805 + 2aQ + aj: s = 3, and la = 

XiX3X4X5XqX7X2X4X5XqX-sX4X5X2X4X3. 

• a = 2a\ + 2a2 + 803 + 4q;4 + 805 + 2a6 + a?: now, there are one or 
two words /3j. As a — a^ G A"*" iff s = 1 and x\ is not the last letter 
(because it is the least letter), there are two words /3j. So looking at 
the roots we obtain s = 7, and 

lot = {xiXsX4X5XqX2X4X5XsX4X2){xiXsX4X5Xq)x7 

Type Eg: Consider a = "^j^i djCHj] if as = 0, the root corresponds to the 
subdiagram of type D7 determined by 1, 2, 3, 4, 5, 6, 7, and we obtain la as in 
that case. If ai = 0, it corresponds to the subdiagram of type Ej determined 
by 2,8,4,5,6,7,8. If ag = 0, then a corresponds to a subdiagram of type 
Aj determined by 1, 2, 3, 4, 5, 7, 8. 

So, we consider the case Oj 7^ 0, « = 1, 2, 3, 4, 5, 6, 7, 8, and solve it case 
by case in a similar way as for £^7, by induction on the height. 

Type F4: Now, a = ^j=iO-jolj. If 04 = 0, then it corresponds to the 
subdiagram of type -B3 determined by 1,2,8, so we obtain la as before. If 
«! = 0, a corresponds to the subdiagram of type C3 determined by 2, 3, 4. 

So consider the case Oj 7^ 0, i = 1, 2, 8, 4: 

• a = ai + 02 + as + 04: ai = 1, so a — a^ = Pi is a root, where ag 
is the last letter. Then s = 4, and /^ = 3;i3;2X3X4. 

• a = ai + 02 + 2a3 + 04: ai = 1, so a — a^ = /?i is a root. Now, 
s = 8 or s = 4. If s = 4, then /„ = 3:1X2X3X4. But 77234 = 2, so 

3^32^4 = g'34(l + g'33)a;3a;42;3 - Q'33934a;4a;i mod /, 
and xiX2x|x4 ^ Sj, a contradiction. So s = 8, and we have that 

la = X1X2X3X4X3. 

• a = ai + 2q2 + 2a3 + 04: ai = 1, and as above, s = 2 or s = 4: if 
s = 4, then la = xiX2x|x2X4, but it is not an element of S/, because 
X2X4 = q2iX2X4 mod /. Then s = 2, and la = X1X2X3X4X3X2. 

• a = ai + 2a2 + 803 + 04: oi = 1, so s = 3, and we have that 
/„ = X1X2X3X4X3X2X3. 

• a = ai + 02 + 2a3 + 204: ai = 1, so s = 4, and /q, = X1X2X3X4X3X4. 

• a = ai + 2a2 + 203 + 204: oi = 1, so s = 2 or s = 4, but we 
discard the case s = 4 since X2X4 = q2iX2X4 mod /. So, la = 
X1X2X3X4X3X4X2. 

• a = ai + 2a2 + 803 + 204: ai = 1, so s = 3, and 

la = X1X2X3X4X3X4X2X3. 

• a = ai + 2a2 + 4a3 + 204: ai = 1, so s = 3, and 

la = X1X2X3X4X3X4X2XI. 

• a = ai + 3a2 + 4a3 + 2a4: ai = 1, so s = 2, and 

la = X1X2X3X4X3X4X2XIX2. 
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• a = 2ai + 3a2 + 4a3 + 204: ai = 2, then there are one or two 
Lyndon words f3j. If there is only one, /?i = a — as € A"*". The 
unique possibility is s = 1, but it contradicts that /„ is a Lyndon 
word. Then there exist (3i, (^2 € A+ such that /?i + /32 = a — ««, and 
/?2 is a beginning of /3i. So s = 2 and ;5i = /32 = ai + a2 + 2a3 + a^, 

i.e., la = XiX2XsX4X3XiX2X3X4X3X2- 

Type G2 : the roots are qi , a2 , «i + 02,201 + 02 , 3qi + 02 , 3qi + 2q2 : 

lai — X±, i(X2 — -^2^ 'mai+«2 — "^1 "^^.i '^ — -L, Z, o. 

If a = 3ai + 2a2, the last letter is X2- If we suppose /?i = 3ai + a2) then 

(■Q< — X-\ 3/0, DULTJ 

(0^x2)^x1 = x^rci - 521 (1 + Q'22)a:;2a:;ia;2 + Q'22g2i2;ia^2 = ™od /, 

so we have 

X1X2 = (g^2 + l)a;ia;22;iX2 — (7^2 ^21 2:1X2X1 mod I, 

and then /„ = xf Xg ^ 5"/ because (7^2 92i 7^ 0' ^° there are at least two words 
[ij . Analogously, if we suppose that there are three words j3j , as /3i > /32 > /?3 
and /3i + /?2 + /^s = 3ai + a2, we have Ip^ = l()^ = xi> Ip^ = X1X2, and also 
la = X1X2 ^ Si. So there are two Lyndon words of degree /3i > {32, so the 
unique possibility is /?i = 2ai + a2, /32 = ai; i- e., /« = xfx2XiX2. 

4.3. Dimension of Nichols algebras of standard braidings. 

We begin by standard braidings of types Cq, Dq,Eq, Ej,Es,F4, which are 
just of Cartan type. 

Proposition 4.4. Let V a braided vector space of Cartan type, where 544 € 
GrN if V is of type F4, or qu € Gat otherwise, for some A^ G N. Then, for 
the associated Nichols algebra 53 (y), we give 

I A /2 A even; 
'a24 N odd, 

^24/212 ^ g„g^. 



TypeF4: dim'B(V) - , .4 /012 



Types Dg,EQ,Er,E8: dim 53(1/) = A^I^^L 

Note that the last case corresponds to simply-laced Dynkin diagrams. 

Proof. Note that if N is odd, then ordg^ = ovdq = A, but if N is even, we 
have ordg^ = A/2. Also, as the braiding is of Cartan type, 

<ls,{a) = X (siia), Si{a)) = x{a, a) = x(a, a) = qa. 

Using this, we just have to determine how many roots there are in the orbit 
of each simply root. 

When V is of type Cq, qu = q, except for qgg = q^. The roots in the orbit 
of ag by the action of the Weyl group are q^f,.. ior I < i < 9, and the others 
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are in the orbit of Oj, for some j < 9. Then, there are 6 roots such that 
Qa = q'^, and Qa = Q for the rest. 

When V is of type F4, we have qu = ^22 = q"^, and q^s = Q'44 = Q- There 
are exactly 12 roots in the union of orbits corresponding to ai and 02, and 
the other 12 in the union of orbits corresponding to Q3 and a^. So 

\{a e A+ : qa = q}\ = \{a e A+ : q^ = g^}] = 12. 

When V is of type D or E, all qa = Q because qu = q, for aW 1 < i < 9. 

The formula for the dimension is a consequence of the theory of PBW 
bases above and Corollary 14.21 D 

Now we treat the types Ag, Bg and G2. 

Proposition 4.5. Let V he a standard braided vector space of type Ag as 
in Proposition \3.9l Then the associated Nichols algebra ^{V) is of finite 
dimension if and only if q is a root of unit of order N > 2. In such case, 

(4.2) dim«B(T/) = 2(''2')-(2)-(''^2"*)iv(2)+(*^'~'), 

wheret = 9-YlLi{-^y~''ik- 

Proof. (/ is a root of unit of order N > 2 because the height of each PBW 
generator is finite. To calculate the dimension, recall that from Corollary 
14.21 we have to determine qa for a £ Ac- As before, Ujj = J2k=i ^k^ ^ 1^ 3-, 
and we have 

A{^{V)) = {u,, ■.l<i<j<9}. 

If 1 < « < i < 61, we define Kij := jjj/c e {i,...,j} : qtk = -!}• 
We prove by induction on j — i that 

• if Kij is odd, then g^u^^ = — 1; 

• if Kij is even, then q^^^ = g,^Vi^i+i,i- 

If j — i = 0, then gu.- = qu; in this case, ku = 1 if ^jj = —1 or ku = 
if qu = (gj^j+igj+i^j)"^ 7^ —1. Now, assume this is valid for certain j, and 
calculate it for j + 1: 

Qu,,j+i =x(uij + ej+i,Uij + ej+i) = qu,^x{'^ij,ej+i)xiej+i,'^ij)Qj+i,j+i 
= 9u,j Qj,j+iQj+i,jQj+i,j+i 

{-l)qq~^ = -1 gj+i,j+i = -1, Kij even, 
(-l)g(-l) = q gj+ij+i = -1, i^ij odd. 

So this proves the inductive step, and to calculate the dimension of ^(V^) 
we have to calculate the number of Uy- such that 



„-i „-i _„±i 



this is, tj {Kij '■ i < j, Kij even}. 
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We consider an 1 x (0 + 1) board, numbered from 1 to ^ + 1, and paint 
its squares of white or black: the square ^ + 1 is white, and then the i- 
th square is the same color of the i + 1-th square if qu 7^ —1, or different 
color if Qm = —1- All the possible colorations of this board are in bijective 
correspondence with the choices of 1 < ii < . . . < ij < 6 for all j (the 
positions where we put a — 1 in the corresponding qa of the braiding) , and 
the number of white squares is 



ij) + {ij-i - ij-2) + ... = e- ^(-1> -ifc 



k=l 



So tl {Kij : i < j, Kij even} is the number of pairs (a, 5), 1 < a < 6 < ^ + 1 
{a = i and 6 = j + 1) such that the squares in positions a and b are of the 
same color, that is, 

t\ (e + i-t 

Then we obtain the formula (j4.2p for the dimension of 53 (y). D 

Proposition 4.6. Let V he a standard braided vector space of type Bg as 
in Proposition \3.1(A Then the associated Nichols algebra ^{V) is of finite 
dimension if and only if q is a root of unit of order N > 2. In such cases, 

• if the braiding is as in (a) of Proposition \3.1(A 

(4.3) dim!B(T/) = S^iV^ if 3 divides N, 

(4.4) dim!B(y) = 3^iV^ if 3 does not divide N; 

• if the braiding is as in (b), then < j < d — 1, and 

(4.5) dim53(y) = 22*(e-*)+eA:^'-2t0+2t2 .^^ ^ 2A:, 

(4.6) dim5S(y) = 2(2t+m~t)+i^e^-2t0+2t^ ^j ^ ^^ ^^^. 

• if the braiding is as in (c) , then 

(4.7) dim«(y) = 2^(e-i)3^'-2te+2t2_ 

Here,t = 9-Zi=i{-^y-''ik. 

Proof. It is clear that q should be a root of 1. 

Now, we proceed to calculate dim!B(y). From Corollary 14. 2^ we have 
to determined qa for a € Ac, and multiply their orders. As before, Ujj = 
I]fc=iefc, I < i < j < and Vij = 2Y^l^^ek + Z]i=i+i ^fe = 2ei,i + 
ej+i,j, 1 < -i < j, so 

A(53(y)) = {uij ■.l<i<j<e}U {^^ij ■.l<i<j<9}. 
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We calculate q^i^ , l<i<j<9as above, because they correspond with a 
braiding of standard Ag^i type, and 

5v„ = x(vjj,Vij) =x(uii,Uii)^x(uii,Ui+ij)2x(uj+i,i,uii)^gu,+ij 

= Q11Q12Q21 ( [\.Qkk(ik-i,kqk-i,kqk+i,kqk+i,k 1 Qui+u = qu,+ij, 

\k=2 / 

where we use that 

• qijqji = 1 if |i - j'l > 1, 

• qfiq^qli = l' and 

• qkk^k-l,kqk-l,kqk+l,kqk+l,k = iif2<k<9-i. 

To calculate the other q^s, we analyze each case: 

(a) Note that gei = C, ^ei+ea = C, 92ei+e2 = Cg~\ Qea = 9, SO there 
are two possibilities: dim*B(y) = 3^A^^ if 3 divides N, and dim*B(y) = 
S^A^s if 3 does not divide N. 

(b) We have that 

1 _ / q'^q'^ = q i^2k even, 
5ui, - q qu2t - I _q~i ^2fc odd; 

and also qu = q. We have that K2fc is even iff j S {ij + 1,9}, or i E 
{ij_2 + 1, ^j-i}) aiid so on. Then there are 

j 

t = i9-ij) + {ij.i - ij_2) + ... = 9- Y^{-iy-\ 

fe=l 

numbers (the corresponding with the number in the above Proposition) 
such that Kifi-i is even. There are 2 ( (2) + ( 2 ) ) roots such that q^ = q^, 

2 ( (2) — (2) — ( 2 ) ) roots such that q^ = —1, t + 1 roots such that qa = q 

and 9 — I — t roots such that qa = —q~^- 

Note that if A^ = 2k, then ord(— g~^) = 2k and ord(g^) = k, so 

dim«B(y) = 2(^~^)^-*(*-^)"(^~*)(^~*~^)A;*(*~^)+(^~*)(^'*~^)(2/i;)^ 

_ 22*{S-t)+e7 02-2t6l+2t2. 

if N is odd, then ord(— g"'^) = 2N and ovd{q'^) = N, so 

dim*B(y) = 2^(^~^)~*(*~^)"(^~*)(^~^"*)iV*(*~^'+(''~*)(^"^~*)+*+^ 

(c) In a similar way, 

(-(^2)2 ^ ^ ^^. g^gj^^ 



QuH - ( C)qu2.-^ (_i)(_^2)^^2 ^2iodd; 
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and also qu = ("• There are 2 



+ 



roots such that Qq 
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2 



-c, 



^ ( (2) ~ (2) ~ ( 2 ) ) i^oots such that Qq, = — 1, t + 1 roots such that Qa = C 
and 9—1 — t roots such that Qa = C^- As ord^ = ord(^^ = 3 and ord(— C^) = 6, 
we have 

dim«(y) = 



-l)o6»2-2t6»+2t2 



So, the proof is completed. 



D 



Proposition 4.7. Let V be a standard braided vector space of type G2 as 
in Proposition \3.lli Then the associated Nichols algebra ^(V) is of finite 
dimension if and only if q is a root of unit of order N > 4. Then 

• in case (a) of Proposition \3.11[ 

dimiB(y) = N^ if 3 does not divide N, 

dim !B(V) = 27k^ if N = 3k; 

• in case (b), dim«B(y) = 2^^ 

Proof. For (a) note that g is a root of 1, because xi has finite height, and 

• qa = q'lia e {ei,ei + 62, 2ei + 62}, 

• ga = g^ if a G {e2, 3ei + 62, 3ei + 2e2}, 

so the dimension is dim!B(y) = N^ if 3 does not divide N, and dimiB(y) = 
27k^ if TV = 3A:. For (b) we calculate 



type 



c^ c f- 



0- 




-HJ 




c' 


-1 








C 
0- 


c" 


„1 
-0 



Qx^x^ 



so the proof is complete. 



ixt:x2 



^x\x2 



dim 53 (y) 



)12 



)12 



,12 



D 



5. Presentation by generators and relations of Nichols 
algebras of standard braided vector spaces 



In this section we give a presentation by generators and relations of 
Nichols algebras of standard braided vector spaces. To do this, we give some 
technical results about relations and PBW-bases in Subsection l5.lt also we 
calculate the coproduct of some hyperwords in TiV). In Subsections 15.21 
5.31 and 15.41 we express the braided commutator of two PBW-generators as 
combination of elements of the PBW-basis under some assumptions. Then, 
we obtain the desired presentation with a proof similar to the ones in [AD] 
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and [AS5| . In Subsection 15.51 we solve the problem when the braiding is of 
Cartan type using the transformation in Subsection 12. 31 

There is a procedure to describe a (non-minimal) set of relations for 
Nichols algebras of rank 2 in [H4l Th. 4]. 

5.1. Some general relations. 

Let y be a standard braided vector space with connected Dynkin diagram. 
Let xi, . . . , xg be an ordered basis of V, and {xa : a € A+(*B(F))} a set of 
PBW generators. Here, Xa € 53(y) is, by abuse of notation, the image by 
the canonical projection of Xa £ T(V), the hyperword corresponding to a 
Lyndon word la- We denote 

Qa := x{a,a), N^ := ord^Q,, a G A+(<B(y)). 

Note that each Xa is homogeneous and has the same degree as la- Also, 

(5.1) xaenv)^:, 

where if a = biei -\ h beeg, then ga = g\^ --- g^^ Xa = x'l - - - Xe - 

Proposition 5.1. If the matrix of the braiding is symmetric, then the PBW 
basis is orthogonal with respect to the bilinear form in Proposition \1.4\ 



Proof. We prove by induction on k := ina.x{i{u) , i{v)} that {u\v) = 0, where 
u ^ V are products of PBW generators (we also allow powers greater than 
the corresponding heights). If fc = 1, then u = 1 or Xj, u = Xj, for some 
i,j G {1, . . -,6}, and {xi\xj) = 6ij- 

Suppose it is valid when the length of both words is least than k, and let 
u,v £ Bj^y-^,u / u be hyperwords such that one (or both) has length k- If 
both are hyperletters, they have different degrees a 7^ /? G Z^, so u = x^, 
V = Xi3, and (xajx/j) = 0, since the homogeneous components are orthogonal 
for (I). 

Suppose that u = Xa and v = xJ . . . x^^, for some xp^ > . . . > x^„. If 
they have different Z^-degree, they are orthogonal. Then, we assume that 
'^ — S^i hmPm- By [HI Ch. VI, Prop. 19], we can reorder the /3j's, using 
hi copies of /3j, in such form that each partial sum is a root. Using [R2t 
Prop. 21], the order induced by the Lyndon words la is convex, so /?„ < a. 
Using Lemma 11.91 and (II. Sh , 

{u\v) ={Xa\w){l\Xf3j + {l\w){XaJXf3j 



+ Yl ixiu-,h\w){[h]c---[lp]c\xi3„ 



li>->lp>a,li£L 

where v = wx^^. Note that (l|x^^) = {'i\w) = 0. Also, [/i]c • • • [^p]c is a 
linear combination of greater hyperwords of the same degree and an element 
of liy)- By inductive hypothesis and the fact that I(y) is the radical of 
the bilinear form, {\li]c ■ ■ ■ \lp]c\xi3^) = 0. 
Consider now 

U = Xa^ - - - X-a^-i Xa^ > . . . > Xq,„ , V = X^^ . . . X^^, Xf^^ > - - - > Xf^^_^, 
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and suppose that Xa„ < xp^ (if not, use that the biUnear form is symmetric). 
Using Lemma 11.91 and (jl.Sh , 

{u\v) = Hi){x^jv) + Y,( !M («^ixj^..xj:::xxj(x„jxj:-^) 

i=0 ^ ^ 10m 

ii>--->ip>i,iieL 

0<j<m 

where w = x[t^ . . .xft™"^. Note that for the first summand, (w\l) = 0. In 
the last sum, {xa„\ [h]c ■ ■ ■ i^plc i^PmYc) — 0) because by the previous results, 
[^i]c • • • [^p]c [^/3m]c ^^ ^ combination of hyperwords of the PBW basis greater 
or equal than it and an element of l{y\ then we use induction hypothesis 
and the fact that I(V^ is the radical of this bilinear form. As also Xn„ , xJ^~'^ 
are different elements of the PBW basis for h^ — i 7^ 1, we have that 

Then it is zero if an 7^ /3m j but also if a„ = /3m, because in that case lu, 
Xa . . .xJ^~_^xJ^~ are different products of PBW generators, and we use 
induction hypothesis. D 

Corollary 5.2. //a G A+(5S(y)), then 

(5.2) x^^ = 0. 

Proof. Let {qij) be symmetric. \i u = x^i . • • x^a^-, Xai > . . . > Xa„, then 

n 
(5-3) {u\u) =Yl{ji)q^J{Xa,\Xo,J^\ 

i=l 

where (x„|x„) ^ for all a G A+(«B(y)). 

If we consider u = x^", we have that {u\v) = 0, for each element v of 
the PBW basis, because they are ordered products of Xa different of u, and 
{u\u) = since g^ £ '^Na- Also, {I{V)\x^°') = 0, because it is the radical 
of this bilinear form, so {T(V)\x^°') = 0, and then x^°' G I{V)- That is, we 
have x^" = in 5S(y). 

For the general case, we recall that a diagonal braiding is twist equivalent 
to a braiding with a symmetric matrix, see |AS31 Theorem 4.5]. Also, there 
exists a linear isomorphism between the corresponding Nichols algebras. 
The corresponding x^ are related by a non-zero scalar, because they are an 
iteration of braided commutators between the hyperwords. D 

We shall need some technical results about graded algebras intermediated 
between T{V) and ^(V). 

Lemma 5.3. Let i,j^ j G {1, . . . ,0}. Let ^ be a graded algebra provided 
with an inclusion of braided vector spaces V ^^ 53"*^. Assume that: 
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• there exist skew derivations Di of 53 as in Proposition \2.1\ 

• x^ = if N := ordqu < mm{n G N : quqijqji = 1} - 1. 

For each m S N, x^Xj is a linear combination of greater hyperwords (for a 
fixed order such that Xi < Xj) if and only if 

(5.4) {adxir^^+^Xj = 0, i^j. 

Proof. If {adcXi)'^Xj = 0, there exist a^ € k such that 

m—l 
\J — "^7 7 /-■ — \^^c i } 'Ij i — Xj X j I / Li^Xj X 'j X ■ ■ 

fc=0 

Conversely, suppose that there exist ?n, E N such that xf^Xj is a hnear 
combination of greater hyperwords. Let 

n = min{?Ti € N : xY^Xj is a hnear combination of greater hyperwords}. 

If xf = 0, then qa is a root of 1, because of the derivations. In this case, 
if A^ is the order of qa, then x^ = and x^ ~ 7^ 0. Also, (adcXj)^Xj = 0. 
Hence, we can assume x" 7^ and (n)g.. ! 7^ 0. 

Note that [xY~^Xjx'l]c = [xY~^Xj]cXj. As 55 is graded, x'^Xj is a linear 
combination of x"" XjX^, < k < n Hence, there exist a^ S k such that 



n 



^i^iJc = Z^«fcFi ^j 



„n„ 1 \ ^ „,_ I „n—k 

k=l 

Applying Di we obtain 






X?. 



k=l '^ k=l 

By the hypothesis about n, ai = 0. As (n)^^-! 7^ 0, applying Dj several 
times we conclude that q^ = for k = 2, . . . ,n. Then, [x"xj] =0. D 

Recah that Ea holds in 53(y), for 1 < i 7^ j < 6* 

The second lemma is related to Dynkin diagrams of a standard braiding 
which have two consecutive simple edges. 

Lemma 5.4. Let ^ be a graded algebra provided with an inclusion of braided 
vector spaces V ^^ 55^. Assume that: 

• there exist skew derivations Di in *B as in Proposition \2.1[ 

• there exist different j,k,l € {!,..., 0} such that iJikj = rn^i = 1, 
ruji = 0; 

• (adxfc)^Xj = (adxfc)^x/ = {axixj)xi = hold in 53; 

• x| = ifqkkQkjQjk 7^1 or qkkQklQlk / 1- 

(1) If we order the letters xi, . . . ,xg such that Xj < x^ < xi, then XjX^xiXk 
is a linear combination of greater words if and only if 

(5.5) [(adxj)(adxfc)xi,Xfc]^ = 0. 
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(2) If V is standard and q^k 7^—1; then (15. 5 p holds in !B. 

(3) IfV is standard and dim 53(1/) < oo, then ([53]) holds in ^ = ^(F). 

Proof. (1) (<^) If (15. 5p holds, then XjX^xiXk is a hnear combination of 
greater words, by Remark 11.7] and 

[xjXkXiXk]^ = [[xjXkXi]^,Xk\^ = [{a.dxj){a.dxk)xuXk]^. 

(=^) If XjXkXiXk is a hnear combination of greater words, then the hy- 
perword [xjXkXiXk]^ is a hnear combination of hyperwords corresponding 
to words greater than XjXkXix^ (of the same degree, because *B is ho- 
mogeneous); this fohows by Remark II. 7[ As (adxk)'^Xj = (adxfc)^x; = 
{adx j)xi = 0, we do not consider hyperwords with XjX^., x\xi and XjXi as 
factors of the corresponding words. Then, [xjXkXiXk\^ is a hnear combina- 
tion of 

\XkXlXkXj\^ = \Xj^Xl\^XkXj, \XlXj^XjXk\^ = XlXf^ [XjXkl^ , 

[Xj^XjXlfXll^ — Xk [XjXj;Xl\^ , ^XlXj^Xjj^ — XlXf^Xj. 

As Dj{[xjXkXiXk]J = Dj{xk [xjXkXi]^) = Dj{xiXk [xjXk]J = 0, in that hnear 
combination there are no hyperwords ending in xj; indeed, 

Dj{[xkXi]^XkXj) = [xkXi]^Xk, Dj{xixlxj) = xixl, 

and [xkXi]^Xk, xix^. are hnearly independent. Therefore, there exist a,/3 G k 
such that 

[xjXkXiXk]^ = axiXk [xjXk]^ + (ixk [xjXkXi]^ . 

Applying Di, we have 

=aqkjqkkXi [xjXk]^ + a(l - qkjqjk)xiXkXj + /SqkkqkjQkl [xjXkXi]^ . 

Now, xi [xjXk] , xiXkXj and [xjXkXi] , are linearly independent by Lemma 
[221 so Q = ^ = 0. 

(2) We assume that some quantum Serre relations hold in 53; using them: 
XjXkXiXk = qki^{l + qkk)~^Xjxlxi + qkkqkj{l+qkkr^XjXixl 

= qkkikl'iki^'^kXjXkXi + q^kqk^qki^^ + qkk)~^xlxjxi 
+qkkqkiqjk{i + qkk)~^xixjxl. 

It follows that XkXjXkXi ^ Gj, for an order such that Xj < Xk < xi. Also, 
XjXixl ^ Gj, since {adcXj)xi = 0, and ([5.5p is valid by the previous item. 

(3) If 1/ is a standard braided vector space satisfying the above conditions, 
then we consider Vk as the braided vector space obtained transforming by 
Sk, then fhji = 0. Therefore, e^ + ei ^ A"'"(*B(Va:))) so Sk{ej + ei) = 2ek + 
Gj + ei ^ A^(!B(y)). It follows that XjXkXiXk is a linear combination of 
greater words, since it is a Lyndon word when we consider an order such 
that Xj < Xk < xi. D 
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We prove now two relations related to the double edge in a Dynkin dia- 
gram of standard braiding of type Bq. 

Lemma 5.5. Let ^ be a graded algebra provided with an inclusion of braided 
vector spaces V ^-> 53^. Assume that: 

• there exist j ^ k (z {1, ■ ■ ■ ,0} such that m^j = 2, nijk = 1; 

• there exist skew derivations as in Proposition \2.1{ 

• the following relations hold in 03/ 

(5.6) (adxfc) Xj = (adxj) x^ = 0; 

(1) If we order the letters xi, . . . ,X0 such that Xk < Xj, then x^XjXkXj is 
a linear combination of greater words if and only if 

(5.7) [{adxkfxj, {adxk)xj]^ = 0. 

(2) IfV is standard, qjj / —1 and ql^QkjQjk = 1, then (15. 7p holds in !B. 

(3) IfV is standard and dim 53(1/) < oo, then dST]) holds in ^ = ^(V). 

Proof. (1) (<^) If (j5.7p holds in 53, then x^XjXkXj is a linear combination of 
greater words. It follows from (jl.7p . and 

[xlxjXkXj]^= [[xlxj]^,[xkXj]^]^= [{adxkfxj,(adxk)xj]^. 

(^) If xf,XjXkXj is a linear combination of greater words, then [xf,XjXf:Xj]c 
is a linear combination of hyperwords corresponding to words greater than 
xf,XjXkXj (of the same degree, because *B is homogeneous). 

First, there are not hyperwords whose corresponding words have factors 
x^Xj, Xkxj, bv l5.6[ As [x'^XjX^Xj]^ G kerD^, and 

lJf^[Xj[Xi^Xj\cXk) = Xj[Xi^Xj\c, 

Dk{[xkXj]lxk) = [xkXj]l, 
Dk{xj[xkXj]cxl) = (1 + qkk)xj[xkXj]cXk, 

in that linear combination there are no hyperwords ending in Xk, except x'jxf, 
if Qkk € G3. We consider qjj 7^ —1 if q^k £ G3, since otherwise x^x| = by 
hypothesis. Then, there exists q, a' G k such that 

yxj^XjX^Xj^^ = a yx^XjXf^Xj^^ + a XjXf^ = a [XkXj]^ [■^k-^j\c ~'~ '^ -^j-^k- 

We prove by direct calculation that Dj(\xf,XjXi^Xj] ) = 0. Then, applying 
Dj to the previous equality, 

=a'(l + qjj)xjxl + x(efe + ej,2ek + ej)a(ad Xkf{xj)xk 

+ (1 - qkjqjk){f - qkkqkjqjk)oL{adxk){xj)xl, 

where we use that {adxkY{xj) = and 

Xk{adxk)"'{xj) = (adxfc)™+^(xj) + g^gfej(adxfc)"'(xj)xfc. 



ON NICHOLS ALGEBRAS WITH STANDARD BRAIDING 43 

As (1 - qkjqjk){'i- - qkkqkjQjk) / and {ad Xk)'^{xj)xk, {adxk){xj)xl, Xjxl 
are linearly independent, it follows that a = a' = 0. 

(2) Using (adxj)^Xfc = in the first equality and {adxk)^Xj = in the 
last expression, 

xlxjXkXj = (1 + qjj)~^qj^xlx)xk + (1 + qjjY^qjkqjjxlx] 



^ (3)gfcfe(l + qjj) ^qkjqjkqjjxlxjXkXj + kX 






Suppose that {3)qkki'^ + Qjj) ^Qkjqjkqjj = 1; that is, (3)^^^^^ = (l + qjj). Then, 

qjj = qkk + qlk^ so 

1 = qjjqkjqjk = qkkqkjqjk + qkkQkjqjk = qkkqkjqjk + i, 

which is a contradiction since qkkqkjqjk € k^. It follows that xf,XjXkXj is a 
linear combination of greater words, so (j5.7p follows by previous item. 

(3) If y is a standard braided vector space, and we consider Vj as the 
braided vector space obtained transforming by Sj, then fhkj = 2. Therefore, 
3efc + Bj ^ A+(5S(Vfc)), so Sj(3efc + e^) = 3efc + 2ej ^ A+(!B(T/)). As 
x\xjXkXj is a Lyndon word of degree 3efc + 2ej if Xk < Xj, then it is a linear 
combination of greater words. D 



Lemma 5.6. Let ^ be a graded algebra provided with an inclusion of braided 
vector spaces V ^-^ ^^. Assume that 

• there exist different j,k,l € {1,...,^} such that rrikj = 2, ruj^ = 
rriji = niij = 1, m^ = 0; 

• there exist skew derivations Di in !B as in Proposition \2.1[ 

• the following relations hold in 53.' ()5.5p . ()5.7p . 

{adxk)^Xj = {adxj)'^xi.{adxj)'^xi = {adxk)xi = 0; 

(5.8) 4 = x2=0, ifql^ = q^.^ = l. 

(1) If we order the letters xi,...,xg such that Xk < Xj < xi, then 
xf.XjXiXkXj is a linear combination of greater words if and only if 

(5.9) [{ad Xk)'^ {ad Xj)xi, {adxk)xj]^ = 0. 

(2) IfV is a standard braided vector space and qkk ^ G3, qjj ^ —\, then 
(15:^ holds in 5S. 

(3) IfV is standard and dim5S(y) < 00, then (fOj) holds in ^{V). 

Proof. (1) (<^) As in last two Lemmata, if (j5.9p is valid, then x\xjXiXkXj is 
a linear combination of greater words, by (jl.7p . and 

[xlxjXiXkXj]c = [{ad Xk)^ {ad Xj)xi, {adxk)xj]^. 

(=>) Suppose that x\xjXiXkXj is a linear combination of greater words. 
Then, [x\xjXiXkXj]c is a linear combination of hyperwords corresponding to 
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words greater than x\xjXiXkXj (of the same degree, because *B is homoge- 
neous). We discard those words which have x^xu x\xj, Xkx"^, x'^xi, XkXjXiXj 
and x^XjXkXj by the hypothesis about 53. 

Also, as Dk{[x1xjXiXkXj~\ ) = 0, the coefficients of those hyperwords cor- 
responding to words ending in Xk are as in Lemma [5?5t except [xjXil^XjX^., 
xixjxl, if Qkk G G3. Then, 

[xlxjXiXkXj]^ =a [xkXj]^ [xlxjXi]^ + f3 [xkXjXi]^ [^Ixj]^ 

+ -fxi [xkXj]^ [xlxj]^ + fi [xjXi]^Xjxl + vxix^xi. 

By direct calculation, 

Dj{[xlxjXiXkXj\^) = Dj{[xlxjXi\^) = Dj{[xkXjXi]^) = 0, 
so applying Dj to the previous equality, 

=aq'jkqjjqjiXj [xlxjXi]^ + /3(1 - qkkqkjqjk){l - qlkqkjqjk) [xkXjXi]^xl 

+ 7(1 - qkkqkjqjk){i - qkkqkjqjk)xi [xkXj]^xl + jq^qjjxixj [xlxj]^ 

+ n [xjXi]^ xl + 1/(1 + qjj)xiXjxl, 

Note that 1/ = if Qjj ^ —1; otherwise, x^ = by hypothesis, so we can 
discard this last summand. The other hyperwords appearing in this expres- 
sion are linearly independent, since the corresponding words are linearly 
independent by Lemma 12. 7[ Then, a = /3 = 7 = /i = 0. 

(2) If q^k ^ G3 and Qjj 7^ —1, then x'^XjXix^Xj is a linear combination of 
greater words, using the quantum Serre relations in a similar way that in 
Lemma 15.61 so we apply the previous item. 

(3) If y is a standard braided vector space, and we consider V^ as the 
braided vector space obtained transforming by s^, then fhkj = 2. Therefore, 
efc + 2ej + ei ^ A+(53(Vfc)) by Lemma EiH so Sk{ek + 2ej + ei) = 3efc + 
2ej +ei ^ A"'"(5S(y)). As x'^XjXix^Xj is a Lyndon word, it follows that it is 
a linear combination of greater words, and we apply (1). D 

We give now explicit formulas for the comultiplication of previous hyper- 
words. 

Lemma 5.7. Consider the structure of graded braided Hopf algebra ofT{V), 
given in subsection \2.1\ Then, for all k 7^ j, 

A((adxfcr*^+^xj) = iadxkr^^+^Xj®l + l(^{adxkr^^+^Xj 

(5.10) + Yl C^ - qikqkjqjk)x'^''^ ®xy 



l<t<m 



kj 
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Proof. By the definition of rrikj and (12. 5p . Fk{{adxk)'^''3~^^Xj) = 0. Also, 
Fi {{ad Xk)"^''^~^^Xj) for I ^ khj (j2.6p and the properties of F/, so we have 

6 

Ai,„,,^((adxfc)'"^^+^x,) = Y,^i® Fi{{adxkT^^+^x,) = 0. 

1=1 

Now, Z)fc([x^Xj]^x^~*) = from ^^, and from ([231) 

l<i<mj.j 

SO we deduce that 

As hyperwords form a basis of TiV), we can express for each 1 < s < m^j, 



'mi,,+l-s 



s— p 



P 



+ 2_^ PspXj. 
p=0 

for some est, Psp £ k. Then, for each < t < m^j + 1 — s, 

={{^dx,r^^+'x,\ [xixj]^x'^'^^^'-'xi) 

= (((adx,)-'=^+ix,-)(i)| [4^,i<'^-^^'"*"^) (((adx,)-'=^+ix,-)(2)l4) 

at I mfej+l-t-S| r t I mfcj+l-t-s\ / s| sx 
=€st{mkj + 1-S- t)qj.{s)qj.{[xlxj]j [4^i]c)' 

where we use that {adxk)"^''^^^Xj G I(V) ^^^ the first equality, p.Sp for 
the second, (|1.10p and the orthogonality between increasing products of 
hyperwords for the third, and (j5.3p for the last. As 

{mkj + 1 - s-t)gj.{s)gj.{[xixj]j [xixj]J / 0, 

we conclude that est for all < t < rrii^j + 1 — s. In a similar way, psp = 
for all < p < s, so we obtain (|5.1Up . D 

Lemma 5.8. Let ^ be a braided graded Hopf algebra provided with an in- 
clusion of braided vector spaces V ^-> y(*B). Assume that 

• there exist l<j^k^l<9 such that m^j = m^i = 1, niji = 0; 

• the following relations hold in *B; 

{adxk)^Xj = {ad xi.)'^xi = (adxj)x; = 0; 
xl = ifqkkQkjQjk ^l or qkkQklQlk / 1- 
Then, u := [{adxj){adxk)xi,Xk]c £ ^(53). 
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Proof. From (12. 3p . Dj{u) = 0. Also, D^ {{adxj){adxk)xi) = 0, so 

L'fc(n) = (l - qlkQjkqkjqkiqik) {adxj){adxk)xi = 0. 
From (|2.4p and the properties of Di we have 

Di{u) =qikii - qkiqik)[xjXk]cXk - qjkqkkqiki^ - qkiqik)xk[xjXk]c 

=qik{l - qikqki)[[xjXk]c,Xk]c = 0. 

Then, A3i(n) = 0. Now, from (|2.6p and the properties of Fk,Fi we have 
Fk{u) = Fi{u) = 0. Using ([23]), we have 

Fj{u) =(1 - qjkqkj)[xkXi]cXk - qjkqkkqikqkjC^ - qjkqkj)xk{xkxi\c 
=(1 - qikqkOC^ - qkjqjkqlkqikqjk)[xkXi\cXk = o. 

Then, we also have Ai3(u) = 0. 
Also, we have 

A(n) = A((adxj)(adxfc)2;i)A(xfc) - qey^+ej+ej,e,^{xk)^{{^dxj){adxk)xi), 

and looking at the terms in 53^ ® *B^, 

^2,2{u) =(1 - qikqkl)[xjXk]c ® {xiXk - qkjqjkqlkqikXkXi) 

+ (1 - qkjqjk)qikqkk (xjXk - qjkXkXj) ® [xkXi]c 

= (1 - qkjqjk - (1 - qikqki) qkkqjkqkj) qikqkk[xjXk]c ® [xkxi]c- 

Now, we calculate 

1 — qkjqjk-{^ - qikqki) qkkqjkqkj = i - qkjqjk — qkkqjkqkj + qkk 
= ikki^ + qkk){i - qkkqkjqjk) = 0, 

so n G y(53). D 

Lemma 5.9. Let ^ be a braided graded Hopf algebra provided with an in- 
clusion of braided vector spaces V ^-> T(*B). Assume that 

• there exist 1 < k ^ j < 9 such that rukj = 2, rrijk = 1; 

• the following relations hold in !B; 

* {adxsT^'^'^xt = 0, for alll<sj^t< 9; 

* x'f'"^^^ = for each s such that q^'^qstqts 7^ 1, for some t ^ s. 

(a) If V := [{adxk^Xj, (adxfc)xj] , then there exists 6 G k such that 

(5.11) A{v) =v(S^l + l®v + b{l- qlkqljq%qjj)xl x]. 

(b) Assume that there exists I "^ j,k such that rriji = rriij = 1, rriki = 
rriik = 0, and that (j5.5p is valid in 53. Call 

w := [{ad Xk)"^ (ad Xj)xi, {ad Xk)xj]^, 

then there exist constants 61,62 £ k, such that 

(5.12) A{w) = w®l + l(S>w + biv(g)Xi 

+62(1 - qlkqkjqjk)xk ® {{adx j)xi) Xj. 
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Proof, (a) Note that Fj{v) = 0, since f is a braided commutator of two 
elements in kerFj. Also, using (jl.4p . 

[{ad Xkfxj,Xj]c = QkjiQjj - qkk)[xkXj]l, 
so we calculate 

Fk{v) =(1 + gfcfc)(i - qkkqkjqjk)[xkXj]l + qlkqjki'^ - qkjqjk)[xixj\cXj 

- qlkqljqjkqjji'^ - qkjqjk)xj[xlxj]c 

- qlkqljq'jkqjji'^ + qkk){i - qkkqkjqjk)[xkXj]l 
HqlkqjkqkjC^ - qkjqjk){qjj - qkk) + (i + qkk) 

(1 - qkkqkjqjk){'i- - qkkqljq%qjj)[xkXj]l = o 

since the coefficient of [xkXj\^ is zero for each possible braiding. Then, 

Ai,4(w) =Xk®Fk{v) = 0. 
Also, Dk{v) = 0, and we calculate 

Dj{v) =(1 - qkjqjk) {[xlxj]xk + (1 - qkkqkjqjk)qjkqjjxl[xkXj]c 

2 2 /-I w 1 2 2 2 3 2 r 2 i\ 

~qkkqkjqjkqjj\^ — qkkqkjqjk)[XkXj\cXk — qkkqkjqjkqjjXk[XkXj\) 



(i + (1 + qkk){i - qkkqkjqjk)qkkqkjqjkqjj - qtkqljq^q. 



4 „3 „3 2 ^ 

jj) 



(1 - qkjqjk)[xlxj]xk, 
where we reorder the hyperwords and use that {ad Xk)^Xj = 0; also, 

(5.13) 1 + (1 + gfcfe)(i - qkkqkjqjk)qkkqkjqjkqjj - qtkqljq^q^j = o> 

by calculation for each possible braiding. Then, 

A4,i(t;) = Dj{v) (g) Xj = 0. 

To finish, we use that 

A{v) =A((adc Xk)^Xj)A{{adc Xk)xj) 

-X(2efc + ej,ek + ej)A{{adcXk)xj)A{{adcXkfxj). 

Looking at the terms in *B^ ® 53^ and !B^ 55^, and using the definition of 
braided commutator, we obtain 

A32(t^) =(1 - qtkqkjq%q%)[xlxj]c ® [xkXj]^ + (i + qkk){i - qkkqkjqjk) 
qkkqkjqjkqjj {xk [xkXj]^ - qkkqkj [xkXj]^xk) [xkXj]^ 
+ 1 - qkjqjkf{'^ - qlkqkjqjk){'^ - qkkqljq%qjj)xl ® x) 

= (1 + (1 + qkk){l - qkkqkjqjk)qkkqkjqjkqjj - qtkqkjq%q]j) [^Ixj]^ 

® [xkXj]^ + 61(1 - qlkqkjq%qjj)xk ® x]. 
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Also, 

A23(^') =(1 - qkkqkjqjk){^ - qkjqjk)xl ((1 + qkk)qkkqjk [xkXj]^Xj 
- (1 + qkk)qlkqkjq%qijXj [xkXj]^ + xj [xkXj]^ 
~qkkqkjqjkqjj [xkXj]^xj) 
= (1 - qkkqkjq%q'jj + (1 + 9fcfc)(i - qkkqkjqjk)qkkqkjqjkqjj) 
(1 - qkkqkjqjk){^ - qkjqjk)xl Xj [xkXj]^ . 

Using dEISD, we obtain ([HTTj) . 

(b) We call y = {ad Xk)'^ {ad Xj)xi, z = {adxk)xj. Observe that A{w) = 
A{y)A{z) - x(2efc + e^ + e,, e^ + ej)A{z)A{y), and 

A{y) = y (g) 1 + (1 - Qjiqij) {ad Xkfxj ® xi 

+ {i- qkjqjk){i - qkkqkjqjk)xl <S) {adxj)xi 

+ (1 + qkk){l - qkkqkjqjk)xk «> {adxk){adxj)xi + l'S>y, 

A{z) = z (g) 1 + (1 - qkjqjk)xk ^Xj + l(g) z. 
Prom (US]), Dk{w) = 0, and from ([23]), 

A(^i') = (1 - qijqjl)qikqij [{adxkfxj, {adxk)xj]^, 

Dj{w) = -(1 - qkjqjk)qkk%j'iki^(^^^kfi^'^^j)^i 

= -(1 - qkjqjk)qkk'lkj^1kl^ii^^^kf^j^^l]c = 0. 

where we use that [x^, j;/]^ = and ()1.4p for the last equality. It follows that 

A5i{w) = (1 - qijqji)qikqij [{adxkfxj, {adxk)xj]^(g) xi. 

Also, Fj{z) = Fj{y) = Fi{z) = Fi{y) = by ^^ and the properties of 
these skew derivations, so Fj{w) = Fi{w) = 0. We calculate 

Fk{w) =(1 + gfcfc)(i - qkkqkjqjk)[xkXjXi\c[xkXj]c + qlkqjkqik{'^ - qkjqjk) 

[xlxjXi]cXj - x(2efc + ej + e^, e^ + e^) ((1 - qkjqjk)xj[xlxjXi]c 

+(1 + gfcfc)(i - qkkqkjqjk)qkkqjk[xkXjXi]c[xkXj]c) 
=qkkqjkqik{'^ - qkjqjk) [{xlxjXi]c,Xj]^- (i + qkk){i - qkkqkjqjk) 

qlkqljq^qjjqijqik [[xkXj]c, [xkXjXi]c]^ 
=qkkqkjqjkqjjqijqik (i - qkjqjk - (i + 9fcfc)(i — qkkqkjqjk)qkkqkjqjk) 

[[xkXj\c, [xkXjXl]c]^ = 

where we use ()1.4p and ()5.5p in the third equality, and calculate that 

(5.14) 1 - qkjqjk - (1 + %fe)(i - qkkqkjqjk)qkkqkjqjk = o, 

for each possible standard braiding. It follows that Ai^{w) = 0. 
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We calculate each of other terms of A{w) by direct calculation. First, 

^A2{w) = (1 - x(2efc + ej +ei,ek + ej)x{ek + e^, 2efc + e^ + e,)) y (g) z 

+ (1 - qkjqjk){i - qijQji) {qik[xlxj]cXk xixj 

-X(2efc + ej + e/, efc + ej)q'j^qjjXk[xlxj]c <8) XjXi) 
+ (1 - qkjqjk){l - qkkqkjqjk) (x(ej + e^, e^ + ej)xlz 
-X(2efc + ej + ei,ek + ej)zxl) (g) [xjXi]c 

=(1 — qkjqjk)qik (1 — fZifc^fej + (1 + qkk){^ - qkkqkjqjk)qkkqkjqjk) 

[xlxj]cXk ® [XjXi]c = 0. 

In a similar way we calculate 

A33(if) =(1 - qijqji)[xixj] {xiz - x(2efc + e^- + e/, e^ + e^-) 

x(efc + ej, efc + e^ + ei)zxi) + (1 + gfcfc)(l - qkkqkjqjk) 
X{ek + ej + ei,ek + e^) (xfe^; - qkkqkjZXk) ® [xkXjXi]c 

+ (1 - qkkqkjqjk){i - qkjqjkfxl ® {xiej + ei,ek)[xjXi]cXj 

-x(2efc + ej +ei,efc + ej)x(ej,2efc)2;j[xjX/]c) 

= ((1 + '7fcfe)(i — qkkqkjqjk) — qkkqkjqjkqjji'^ - qijqji)) 

x(efc + ej + e/, efc + ej)[xlxj]c ® [xkXjXi]c 

+ (1 - qkkqkjqjk)ii - qkjqjk)^ii - qlkqkjqjk)xl ® [xjXi]cXj, 

and the coefficient of [xl.Xj]c [xkXjXi]c is zero (we calculate it for each 
possible standard braiding). Also, 

A24M =(1 - qkkqkjqjk){l - qkjqjk)xl ® ((1 + qkk)x{ek + ej + ei,ek) 

[xkXjXi]cXj - (1 + qkk)x{'^ek + ej + ei,ek + ej)qjkXj[xkXjXi]c 
-X(2efc + ej + ei, ej, + ej)x{ek + ej, 2efe) [[xkXj]c, [xjXijc]^) 

=(1 - qkkqkjqjk)^^ - qkjqjk)x{ej + e^, e^ + ej)qkj 

(gfcfc(i - qkkqkjqjk) - qjjC^ - qjiqij)) xl ®> Xj[xkXjXi]c = 

From the above calculations, we obtain (|5.12p . D 



5.2. Presentation when the type is Aq. 

In this subsection we shall consider V a standard braided vector space of 
type Ag, and !B a Z -graded algebra, provided with an inclusion of vector 
spaces V ■— > *B^ = (Bi<j<e^^^ ■ We can extend the braiding to !B by 

c{u (g>v) = x{a, P)v On, n G 53", t; G !B^, a, /3 G N^. 
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We assume that 

x] = ifgii = -l, 

adcXi{xj) = if |j — i| > 1, 

{adcXi)^{xj)c = if \j - i| = 1, 

[(adc Xi){adcXi+i)xi+2, Xi+i]^ = 2 <i <9 -1, 

are valid on *B. Using the same notation as in Subsection 14. 2t 

Xei = Xi, ^Uij- '■= [Xi,X^._^-^,^^^ [i < J). 

Lemma 5.10. Let ^^<i<j<p<r<6. The following relations hold in 
53; 

(5.15) [xuy,a;up,]^ = 0, p-j>2; 

(5-16) [xu,j,Xu,+i,J^ = Xu„,. 

Proof. Note that x^.^^ belongs to the subalgebra generated by Xp, ...,Xr, 
and [xuij, Xs] = 0, for each p < s < r. Then, (j5.15p is deduced from this 
fact. 

We prove (j5.16|) by induction on j — i: if i = j, it is exactly the definition 
of Xu-^. To prove the inductive step, we use the inductive hypothesis, (|5.15|) 
and ()1.4p (the braided Jacobi identity) to obtain 

= [Xuij,Xuj^-i^^\^ = X^i^, 

and (j5.16p is also proved. D 

Lemma 5.11. Ifi<p<r<j, the following relation holds in 53.' 

(5.17) [xu.,,xuj^ = 0. 

Proof. When p = r = j — 1 and i = j — 2, note that this is exactly 

[{adcXi){adcXi+i)xi^2, Xi+i]^ = 0. 
Then, we have by ()1.4p 

We assume that j — i > 2, so [xi-i,Xj-i]c = by hypothesis on *B. Then, 
we prove the case p = r = j — 1 by induction on p — i. 
Using (jl.4p and (j5.16p . we also have 

[X\iij+nXp\c = [[Xui.j,Xjj^i\c,Xp\c = [Xui.i,[Xj + l,Xp\c\c 



+qj+i,p[^Uu,,Xj^i]cXj+i - xiui,j,ej+i)xj+i[x^^^^,Xj. 



I c, 



so using that [xj+i,Xp]c = if j > p, by induction on j — p we prove (j5.17p 
for the case p = r. 
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For the general case, we use (ll.4p one more time as follows 

and we prove (|5.17|) by induction on r — p. D 

Lemma 5.12. The following relations hold in 55/ 
(5.18) [^u..'^u»p]c = 0' i<J<P'^ 

(5-19) [^uij'^upilc = 0' i<P<J- 

Proof. To prove (jS.lSp , note that if i = j = p — 1, we have 

As [xi,Xu^^^^]c = for each p > i + 1 by (|5.15p . we use (|1.4p . the previous 
case and (|5.16p to obtain 

Now, if i < J < p, from (j5.15p and the relations between the Qst we obtain 

[Xui+ij^Xuipl^ = — X(Ujp,Uj+ij-j [Xuip,Xui^j^j\^ = (J. 

Using (jl.4p and the previous case we conclude 

The proof of (|5.19p is analogous. D 

Lemma 5.13. Ifi<p<r<j, the following relation holds in 53; 

(5.20) [^u^r'^^upj^ = x{uir,Upr) (1 - qr,r+iqr+l,r) a^Up.a^u,^- 

Proof. We calculate 

= (X(uir, Up.^) - X(ujj, Up,.)x(Upr, Ur+lj)) Xup.Xu,^. 

= X(Ujr, Up.^) (1 - x(Upr, U,.+ij)x(u.^+l,i, Upr)) a^Up^^u.^- , 

where we use ()5.16p in the first equality, (jl.4p in the second, ()5.19p in the 
third and the relation between the qij in the last. D 

We prove the main Theorem of this subsection, namely, the presentation 
by generators and relations of the Nichols algebra associated to V. 

Theorem 5.14. Let V be a standard braided vector space of type Ag, 9 = 
dimy, and C = (aijOijgii,...,^} ^^^ corresponding Cartan matrix of type Ag. 
The Nichols algebra ^{V) is presented by generators Xi, 1 < i < 9, and 
relations 

x^- =0, a G A+; 

a4(xi)^""'^(xj) = 0, i^j; 

[{adxj-i){adxj)xj+i,Xj]^ = 0, 1 < j < 9, qjj = —1. 
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Moreover, the following elements constitute a basis of^{V): 

(5.21) xjjxg . . . xj^, 0<hj< Np^, if Pj €Si, l<j< P. 

Proof. From Corollary 14.21 and the definitions of x^'s, we know that the last 
statement about the PBW basis is true. 

Now, let !B be the algebra presented by generators xi,...,xg and the 
relations of the Theorem. From Lemmata 15.31 15.41 and Proposition 15.21 we 
have a canonical epimorphism : *B — > ^{V). Note that last relation also 
holds in 53 for qjj 7^ 1, by Lemma 15.41 (2). 

The proof is similar to the ones of [API Lemma 3.7] and |AS5l Lemma 
6.12]. Consider the subspace J of 55 generated by the elements in (I5.2ip . 
Using Lemmata 15.101 15.111 15.121 and 15.131 we prove that J is an ideal. But 
1 G J, so J = 53. 

The image of the elements in (I5.2ip by (p are a basis of ^(V), so (j) is an 
isomorphism. D 

Note that the presentation and the dimension of 53 (y) agree with the 
results presented in [ADj and |AS5] . 

5.3. Presentation when the type is Bq. 

Now, we shall consider V a standard braided vector space of type Bq, 
and 53 a Z^-graded algebra, provided with an inclusion of vector spaces 
y ^^ *B^ = ©i<j<e53''j . Then, we can extend the braiding to 53. We 
assume that the following relations hold in *B 

x^ = iiqii = -l, 

xl = ifgiieGs, 

(adcXi)xj = 0, \j -i\> 1; 

{adcXifxj = 0, \j - i| = 1, i / 1; 

[{adc Xi){adcXi+i)xi+2, Xi+i]^ = 0, 2 <i <9; 

(adc^i) X2 = 0; 
[(adc 3:1)^x2, (adcXi)x2] ^ = 0, 
[(adxi) (adx2)x3, (adxi)x2] . = 0. 

Using the same notation as in Subsection 14.21 

Xyr.j = [Xuu . Xu^j]^ , l<i<j <0. 

From the proof of relations corresponding the Ag case, relations ()5.15p . 
(I5T6]) . dSHD, ([5T9]) and dOOj) are valid for i > 1, but for relation (l5T8]) 
we must consider i > 1. 
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Lemma 5.15. Let l<s<t,l<k<j. The following relations hold in *B; 



[Xvst, Xuf,Ac < 



= 

= 

= x(vst,Ufcj)(l - qt,t+iqt+i,t)xu^tX^sj 

= (x(uit,Us+i,t) -x(uis,uit))x2^^ 
fcj 





t + 1 < /c; 
t + 1 = A; < j; 
s + l <k<j <t 
s + 1 < k <t < j 
s + l = k <j <t 
s + 1 = k,j = t; 
s + l = k<t<j; 
k < s < j < t; 
k < s <t < j; 
k <j < s, 



where 7^/ = x(uij, Ufcj)x(uis, Ufcs)(l - qs,s+iqs+i,s)- 

Proof. The first, the thh'd and the last cases fohow from the fact that 

using ([5T3|) . (jSTTl) . ([538]) or dSH]) (depending on each case), and p^ . 



For the second, use that [x^ 



si 2:^ut+ijJ 



0, (I536D and dUD, to obtain 



For the fourth, use (11.41) and the third case to calculate 



=X(Vst,Ufct)(l - x(Ufcf,Ut+ij)x(Ui+ij,Ufct))XufctXv,j-. 

For the fifth, note that xi'^it, ^s+ij)^^ = x{'^s+i,j, uit). Then, use ()5.16p . 
(J5T71) and ([Ll]) to prove that 

=X(uit,U5+lj)Xu„Xuij - x(Uls,Uij)XuijXui, 
=X(uit,U5+lj)(Xuj^.Xuij -x(Ulj,Uij)XuijXujJ. 



The sixth case follows in a similar way. 
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For the seventh case, we use (ll.4p . (jl.Sp and the previous case to calculate 

=(x(uii, Us+i,t) - x(uis, uit))((xvtj. + x(uit, uij)xui,.2;uiJ 

+ X(uii, Ui+ij)2;uj^.XuiJ - x(Us+l,t, Uj+ij)Xvy 

We use the previous cases, ()5.17p and ()5.20p to calculate for the eighth case 
=x(uit,Ufcj)(x(uis,Ufc3)(l - qs,s+iqs+i,s)xuk^Xui^)xu,t 

=7st 3^Ufes (^uij 3;uit — X(Ulj,-, Ult)X^^-^^X^^-^.). 

To finish, we prove the ninth case in a similar way as follow 

-X(ufct,uj+ij)2;v,^,xu;,,. 

D 

We consider the remaining commutator [xvst,Xu ^.j : when j = 1. 

Lemma 5.16. Let s < t in {1, . . . ,9}. The following relations hold in 35 

(5.22) [x.st,xuj, = 0, s<k<t- 

(5.23) [xm.,x.J, = 0. 
Proof. By hypothesis we have 

[xvi2,Xui2]c = [(adcXi)^X2,(adc2;i)x2]^ = 0, 
[xvi3,Xui2]c = [(adcXi)^(adcX2)x3,(adcXi)x2]^ = 0. 
For t > 4, [xu4,,a;ui2]c = by (!5.15p . and using ([HI), 

[Xvitj Xui2\c ~ il-^vis) 3;u4tJc ' ■^ui2Jc ~ ^" 

For each k < t we have [xuit,Xu3fe](, = [xi,Xu3^]^ = 0, so [xvit,Xu3Jc = 0. 
Using p.4p and (|5.16p we have 

[Xvif:Xuik\c ~ [Xvitl [^Ul2) ^UgfcJcJ^ = U. 

Now, consider 2 < s < k. As [xvitjXuij.]^ = [xu2s^Xu-^f^]^ = by previous 
results and (I5.17P , we conclude from (II. 5p and Lemma 15.151 that (|5.22p is 
valid in the general case. 

To prove (|5.23p . for s = 1, t = 2 we have 

[Xuii,Xvi2]c = [a;i,Xvi2]c = (adcXi)^X2 = 0. 
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Using that [xi, XuaJ^ = if t > 3 and ()1.4p . we deduce that 



55 



[Xuin^vulc ~ l.-^!' i''^vi2!^U3JcJc ~ ^' 



If 1 < s < t, by the previous case we have 



[Xuij,, X\fu\c ~ Xl^Uls) ^Vlt j i^Vul ^Ulsic ~ ^• 



By (I5.19p . [xuis^u2s]c = 0- Also, [xv^t,Xu2s]c = x(.^u,'^2s)xv^t, by Lemma 
[g7T^ Then, ([ST^H]) follows by ([OD and the last three equalities. D 

Lemma 5.17. Let s < k < t. The following relations hold in iB; 
(5.24)[a;v,,,,a;uu]c = x{^sk,'iiik)il - qk,k+iqk+i,k)xuikX^st, 

Proof. The proof follows by ()1.4p . the second case of Lemma l5.15l and (|5.23p . 

=X(Vsfc, Uik)Xujk^Vst - X(UU-, Ufc+i^t)Xv,t3;uj^ 

=X(Vsfc, Uifc) (1 - X(uifc, Ufc+i,t)x(Ufc+l,t, Uife)) XuifeXv,^; 

+ X(uis, Uifc)Xu^^^3;v,t - x(Ulfc, Uit)Xv,tXuifc 
=X(uis,Uifc)(gu^j.(l — gA;,fc+l9fc+l,fc) + 1 — qk,k+lQk+l,k)Xuik^Vsf 



D 



We deal with the expression of the commutator of two words of type x^^,. . 

Lemma 5.18. Let s < t,k < j, s < k, with k ^ s or j ^ t. The following 
relations hold in OS; 



l^Vst > • 



'VfejJ 



0, 



= x(vst, Vfct)(l - qt,t+iqt+i,t)xv^^Xy 
= X(vst,uit)2(l - qt,t+iqt+i,t) 
(1 - quuQt,t+iqt+i,t)xl^,x^^^, 



■J^iii J ■A'A 



k<j<t, 
k = s,t < j 
k<t<j; 

k = t<j; 
t < k < j. 
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Proof. The first and the second cases follow from p.4p and ()5.22l) . (I5.23p . 
respectively. For the third case, we use the previous one and (II. 4|) . 

=X(Vst,Uifc)Xu^Jx(Vst,Uit)(l - qt,t+iqt+l,t)XuitXv,j) 

- X(uifc,uij)(x(v^t,ui()(l - qt,t+iqt+i,t)xuuXv^,)xmk 

=(1 - qt,t+iqt+i,t) {x{'^st,uik)x{^st,uit)xu^^XuuXv,^ 

-x(uifc,Uij)x(vst,ui()x(vsj,uifc)xuitXuifea;v,J 
=x(vst, uifc)x(vst, uii)(l - qt,t+iqt+i,t) 

The fourth case is similar to the previous one. 

To prove the last case, use (jl.4p and Remark 15.171 to express 

= [x(vsi,uii)(l - qt,t+iqt+i,t)oOuuXv,k^Xuij]c 

+ X(vst,uife)xuifc(x(vst,uit)(l - qt,t+iqt+i,t)xuitXy,^.) 

- X(uifc,uij)(x(v5i,uit)(l - qt,t+iqt+i,t)xuuXv,j)xu^^- 



and the proof finish using (jl.Sp and the previous identities. D 



Theorem 5.19. Let V be a standard braided vector space of type Bg, 9 = 
dun-V , and C = (aij)ije{i,...,0} ^^e corresponding Cartan matrix of type Bg. 
The Nichols algebra ^{V) is presented by generators Xi, 1 < i < 9, and 
relations 

x^" = 0, a G A+; 

adcixi)^'"'^ (xj) = 0, i/j; 

[{adxj-i){adxj)xj+i,Xj]^ = 0, I < j <9, qjj = -1; 

[(adxi)2x2,(adxi)x2]^ = 0, gn € G3 or 922 = -1; 

[(adxi)^(adx2)x3,(adxi)x2]^ = 0, gn € G3 or 922 = -1- 

Moreover, the following elements constitute a basis of^{V): 
(5.26) xj^xj^ . . . xj^, 0<hj< Np^ - 1, if Pj eSi, 1 < j < P. 

Proof. The proof is analogous to the corresponding of Theorem 15.141 since 
by previous Lemmata we express the commutator of two generators Xq < X/j 
as a linear combination of monotone hyperwords, whose greater hyperletter 
is great or equal than xp. D 
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5.4. Presentation when the type is G2. 

We consider now standard braidings of G2 type, with ?ni2 = 3, m2i = 1- 

Lemma 5.20. Let iB := T{V)/I, for some / € S, such that in 53 hold 

(5.27) (adxi) X2 = (ad 2:2) xi = 0; 

(5.28) xf =0, i = 1, 2, N, := ovdqu. 

(a) [xfx2XiX2]^ = ^^ 4ei + 2e2 ^ A+(!B); 

Assume now that (a) holds in 55. Then 

(b) [(adxi)3x2, (adxO^xa]^ = ^^ 5ei + 2e2 ^ A+(5S); 

(^c; [[xfx2XiX2]^, [xiX2]J^ = ^^ 4ei +362 ^ A+(5S); 
Assume also that (b), (c) holds in *B, then 

(d) [[xfx2]^, [x2x2XiX2]J^ = ^^ 5ei + 362 ^ A+(»). 
/n particular, all these relations hold when V is a standard braiding and 
*B = 53 (y) is finite dimensional. 

Proof. Order the letters xi < X2, and consider a PBW basis as in Theorem 
|1-12[ We denote 7fc := l\o<j<k-i('^ " ^ii9i2g2i)- 

(a) If the first assertion is true, then 46i + 262 ^ A"*" (53) since there are 
no possible Lyndon words in Sj: xfx2XiX2 is the unique Lyndon word such 
that xfx2, X1X2 are not factors, and it is not in Sj because of the hypothesis. 

Reciprocally, if 46i + 2e2 ^ A"'"(!B), then [xfx2XiX2] is a linear com- 
bination of greater hyperwords, and [xiX2xfx2] , [xfx2X2] are the unique 
greater hyperwords that are not in 5/ and do not end in xi (we discard 
words ending in xi since [x^X2XiX2] is in kerDi). So, taking their Shir- 
shov decomposition, there exist a, /3 G k such that 

(5.29) [xf X2X1X2] ^ - a [a;ia;2]c [xlx2] ^- (3 [xlx2] ^ = 0. 

Note that [xfx2XiX2] = adxi ([x|x2XiX2] ), so by direct calculation, 

D2 ([xfx2XlX2]J = 0. 

Then, we apply D2 to both sides of equality (j5.29p and express the result 
as a linear combination of [x"^X2] xi, [x|x2] .xf and [xiX2]gXf, then the 
coefficient of [xiX2]gxf is 

a(i - gi2g'2i)(i - qiiqi2q2i), 

so a = 0. Then, note also that 

DlD2{[xlx2XiX2]J =0, 

but 

DID2 (Kx2] J = {I - qi2q2i)il - quqi2q2i){l + qii){q2ei+e2 + 1) H2;2]^- 

Looking at the proof of Proposition 14.71 g2ei+e2 / ~1) so (3 = 0. 
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(b) Under the conditions (a), ()5.27p and ()5.28p . the unique possible Lyn- 
don word of degree 5ei + 2ej is XiX2x1x2, and 

[xiX2a;ia;23;ia::2]^ = [(ada;i)^a::2, (ad2;i)2a::2]^ . 

Then we proceed as before. One imphcation is clear. For the other, if 
5ei + 2ej ^ A"'"(*B), then there exists a G k such that 

[(adxi) X2,(adxi) X2] =a(ada;i) X2(adxi) X2- 

Then, we apply D2 and express the equality as a linear combination of 
(adxi)^X22;i and (adxi)^a;2a;f (we use that (ada;i)^X2 = by hypothesis); 
the coefficient of (adxi)^X2a;i is 073, so a = 0. 

(c) The proof is similar. Since we consider Lyndon words without a;fa;2, 
xixl as factor, the unique possible Lyndon word of degree 4ei + 3ej is 
3;^X2a;iX2a;ia;2) and 

[xf a;22;iX2a:ia:2] ^ = [ [xlx2XiX2] ^ , [a;i2^2]c] ^ • 

If 4ei + 3ej ^ A"^(!B), then there exist Oj G k such that 

[xlx2ixiX2f] ^ = ai [xiX2]c [xlx2XiX2]^ + 02 [xiX2]l [xlx2]^ 
+032:2 [2;?a;2] ^ + 043:^2 [a^l2;2]c [xlx2] ^ , 

since we discard words greater than 2:^x2X1X2X1X2 ending in xi as above; 
we also discard words with factors x|x2, xix^, xfx2xfx2, by the hypothesis 
about *B. We apply D2 to this equality. Using the definition of braided 
commutator, express it as a linear combination of elements of PBW basis, 
which have degree 4ei + 2e2. 

The coefficient of X2 [xiX2]j,xf is 01473 since this PBW generator appears 
only in the expression of D2{x2 [xiX2]c [3^13:2] )• Then, 04 = 0. 

Using this fact, the coefficient of X2 [xfx2] xi is 

"372(1 + 9ii)g?igi2gii 922, 

since it appears only in the expression of Dj{x2 [xfx2] )• Then, 03 = 0. 

Now, look at the coefficient of [xiX2]ca^i. It is 02721 so 02 = 0. Then, we 
calculate the coefficient of [x^X2]c: 

ai72 (x(ei, 5ei + 62) - x(2ei + 62, ei + 62)) = 0172^11512 {qfi - 922^12921) • 

As qfi y^ q22Qi2Q2i for each standard braiding, we conclude oi = 0. 

(d) If (b), (c) holds, then the unique possible Lyndon word which does 
not have factors x^X2 and xiXg of degree 5ei + 3e2 is x^X2xfx2XiX2, and 

[xiX2XiX2XiX2]^ = [Ha;2]c, [a;?X2XiX2] J ^ . 

Then this hyperword is not in Sj iff there exist Ui £ k such that 

\x\x2x\x2X\X2\^ =Vx [xfx2XiX2]^ [X1X2] ^ + V2 [xiX2]c ^2:2]^ 

(5.30) + v-i [xiX2]c \x\x2\ ^ + i^4a:;2 \x\x2\ ^ \x\x2\ ^ • 
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Apply Z?2 and note that D2{\x\x2x\x2XiX2\ ) = under the hypothesis 
of OS. Then, express the resulting sum as a linear combination of elements 
of the PBW basis, which have degree 5ei + 2e2. 

The hyperword X2[x\x2]x\ appears only for D2{x2 [2;f2;2] [2;i3;2] ), and 
its coefficient is 2^473, and as 73 7^ we conclude that 1^4 = 0. 

Analogously, [2:1X2]^ xf appears only for [^1X2]^ [3^12^2] (due to u^ = 0). 
Its coefficient is 1^373, so 1^3 = 0. 

Note that DfD2{[x1x2XiX2] ) = 0. We apply D\D2 to the expression 
(|5.30p . and obtain 

= Z^l72(l + qil) [xlx2XiX2\^ + 1^272(1 + '7ll)(l + q2ei+e2)[xiX2]c[x\x2]c- 

[xfx22;irE2] and [xiX2]c[a;iX2]c are linearly independent, since they are lin- 
early independent in 53(y), and we have a surjection *B -^ ^{V). Then, 

i^l72(l + Q'll) = 1^272(1 + gil)(l + 92ei+e2) = 0. 

But for standard braidings of type G2 we note that g'ii,g2ei+e2 7^ ~1 and 

72 7^ 0, so Z^i = ZV2 = 0. 

The last statement is true since 

A+(03(y)) = {ei, ei + 62, 2ei + 62, 3ei + 62, 3ei + 2e2, 62} , 
if the braiding is standard of type G2. □ 

Remark 5.21. Let V he a standard braided vector space of G2 type, and 
53 a braided graded Hopf algebra satisfying the hypothesis of the Lemma 
above. In a similar way to Lemma 15.51 if qn ^ G4, 922 7^ —1) then 5ei + 
262, 4ei + 2e24ei + 3e2, 5ei + 3e2 i A+(QS). 

It follows because a;^X2xfx2,a;fx2a;irc2a;ia:;2,a;fa;2xfx2XiX2 ^ £*/, using the 
quantum Serre relations as in cited Lemma. 

Theorem 5.22. Let V he a standard braided vector space of type G2. 
The Nichols algebra 53(y) is presented by generators xi,X2, and relations 

(5.31) x^" =0, a G A+, 

(5.32) adc{xi)'^{x2) = adc{x2)'^{xi) = 

and if qu G G4 or 522 = —1, 

(5.33) [(adxi) a;2, (adxi) 3:2] 

(5.34) [a;i, [a::?2;2XiX2]J^ 

(5.35) [[a;?a;22;i2;2]^,[2;ij;2]J^ 

(5.36) [ [xi 2:2] ^ , [xlx2XiX2] J ^ 
Moreover, the following elements constitute a basis of^{V): 

X^ [x,X2t^^+^^ [x?X2XiX2]f^l+^^^ HX2]'"1+^^ [x?X2] ^^^^^ X^ , 

(5.37) 0<hc,<Nc,-l. 



0, 


Q 


0, 




= 


0, 


= 


0, 


= 


0, 


= 


0. 



60 IVAN EZEQUIEL ANGIONO 

Proof. The statement about the PBW basis fohows from Corohary 14.21 and 
the definitions of x^s. 

Now, let 55 be the algebra presented by generators xi,X2 and relations 
dSSlD, (lOTD . (I03|) . (l53iD . (lOSi) and (I06l) . From Lemma E^O] and 
Proposition 15.21 we have a canonical epimorphism of algebras (/> : 03 — > 

Consider the subspace J of iB generated by the elements in (j5.37p . We 
prove by induction in the sum S of the h^s of a such product M that 
xiM € J; moreover, we prove that it is a linear combination of products 
which first hyperletter is least or equal than the first hyperletter of M. If 
S = 0, we have M = 1. Then 

• If M = x^\ then xiM = 3;fi+\ that is zero if Ni = ordxi - 1. 

• If M = [x'^X2] M', then we use that xi [xf2;2] = qiiqi2 [2;i2;2] xi to 
prove that xiM G 3, and it is zero or begins with [3;'^3;2] . 

• If M = [xfx2] M', then we use that 

XI [x'lx2\^ = [xlx2\ ^ + qliqu [3:1X2] ^xi. 

So, we use the inductive step and relation (j5.33p to prove that xiM € J, 
and it is zero or a linear combination of hyperwords that begin with an 
hyperletter least or equal than [X1X2] . 

• If M = [X1X2X1X2] M', then we deduce from (j5.34p 

xi [xlx2XiX2]^ = x(ei,3ei + 2e2) [xiX2XiX2]^xi, 

and using also relations (I5.35p . ()5.36p . we prove that xiM € J, and it is zero 
or a linear combination of hyperwords that begin with an hyperletter least 
or equal than [xfx2XiX2] ■ 

• If M = [xiX2]cM' , then observe that 

xi [a;ia;2]c = [xlx2]^ + qiiqi2 [xiX2]cXi. 
In this case, using inductive step, relations (|5.34p . (j5.35p . and that 

[xlx2] ^ [xiX2]c = [ [xlx2] ^ , [X1X2] J ^ 

+ x(2ei + e2, ei + 62) [xiX2]c [xlx2] ^ , 

by definition of braided commutator, we prove that xiM G 3, and it is zero 
or a linear combination of hyperwords that begin with an hyperletter least 
or equal than [xiX2]g. 

• If M = X2M' , then we use that X1X2 = [xiX2]^ + 9122^23:1, and also 
[[xiX2]c , X2]^ = to prove that xiM G 3, and it is zero or a linear combina- 
tion of hyperwords. 

Now, X2M is a product of non increasing hyperwords or is zero, for each 
element in ()5.37p . so 3 is an ideal of ^ containing 1, and then J = 03. As the 
elements in ()5.37p are a basis oi^{V), we have that (p is an isomorphism. D 
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5.5. Presentation when the braiding is of Cartan type. 

hi this subsection, we present the Nichols algebra of a diagonal braiding 
vector space of Cartan type with matrix {qij), by generators and relations. 
This was established in [AS31 Th. 4.5] assuming that qu has odd order and 
that order is not divisible by 3 if i belongs to a component of type G2. The 
proof in loc. cit. combines a reduction to symmetric (qij) by twisting, with 
results from |AJSj and [dCPj . We also note that some particular instances 
were already proved earlier in this section. 

Fix a standard braided vector space V with connected Dynkin diagram 
and a natural i € {1, . . . , 0}. Suppose that *B is a quotient by an ideal / € © 
ofT(V). We assume moreover that 



(5.38) 



(I53D holds in !B, if 1 < i y^ j < 9; 

(|5.5p holds in 05, if rrikj = rriki = 1, rriji = 0; 

(j5.7|) holds in *B, if nikj = 2, rrijk = 1; 

()5.9p holds in !B, if m^j = 2, rrijk == rrtji = 1, rriki = 0; 

V is not of type G2. 

Note that if (j5.4p holds in an algebra with derivations Dj, then (j2.1ip holds 
also, by Lemma 12.71 Bv l2.6^ we have an algebra Sj(S) provided with skew 
derivations Z?j. We call Xk = (adcXi)"^^'' {xk)#l G Si{'i8), for k ^ i, and 
Xi = l#y. They generate Si(*B)^ as vector space. 

Under these conditions, we prove: 

Lemma 5.23. The graded algebra Sj(^) satisfies (j5.38p . 

Proof. Step I: we prove that Sj(53) satisfies ()5.4p . 

Proof. Each me^ + ej, <m < m^j is an element of A(*B(Vi)), so Sj(?7ieyfc + 
ej) £ A(!B(y)). As we have a surjective morphism of braided graded Hopf 
algebras !B -^ !B(y), we have A(!B(T/)) C A(!B). 

From Lemma [5.3| (adc Xkj^Xj = if and only if x^Xj is a linear combina- 
tion of greater words, for an order in which Xk < Xj. Then, by the relation 
between the Hilbert series of 03 and Sj(*B) established in Theorem 12.61 ()5.4p 
for Sj(*B) is equivalent to 

Si{{mkj + l)ek + ej)^A+{^). 

When k = i ^ j, this says — e^ + ej ^ A+(!B) so (|5.4p holds. 

To prove (|5.4p for Sj(*B) when j = i, we prove that 

{mki + l)efc + {{mki + l)mifc - l)ej ^ A+(*B). 

We analyze several cases. 

• If ruki = rriik = 0, we have e^ — ej ^ A"*" (05). 

• If ruki = rriik = 1, then 2efc + e^ ^ A"'"(!B), because {a.dxk)'^Xi = 0. 

• If rrifci = 1, rriik = 2, then 2efc + 3ej ^ A~'^(*B), since we apply Lemma 
15.51 to 05 and it satisfies relation (15. 7p by hypothesis. 
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• If niki = 2,mik = 1, then Se^ + 2ej ^ A^(03), as before. 
Then (j5.4p holds, for each k ^ i. 

Now, consider ^ > 3, and k,j ^ i. 

If ruik = rriij = 0, then Si{mek + Bj) = mek + e^, and {nikj + l)efc + Gj ^ 
A'^(*B), since the quantum Serre relation holds in *B. 

If rriik = IjiTiij = 0, then Si{mGk + e^) = mei + me^ + Gj. If we consider 
Xj < Xi < Xk and look at the possible Lyndon words in Sj, from (j5.4p . it 
has no factors xfxk,XjXi, so the unique possibility is Xj{xkXi)"^. 

• If rrifcj = 0, then XjXj-Xi = QjkX^XjXi, so XjX^Xi ^ 5/. 

• If mkj = 1, then XjX^xiXk ^ 5*7 when tti^j = 1, since (j5.5p is valid in *B, 
or when m^j = 2 we have q^k 7^—1 and 

Xj{xkXif =(1 + qkkY^Qkl Xjxlxf + (1 + qkk)~^qkiqlk XjXixlxi 

-1 -1-2 2 , /I I \-l -1 -2-2 2 2 

=qki Qkj Ikk XkXjXkXi + (1 + qkk) Qki qkj Ikk ^k^j^i 

+ (1 + Qkk) QkiQkkQji XiXjX^Xi, 

SO in both cases, Xj{xkXif' ^ Si. 

• If mkj = 2, then ruki = rrijk = 1 and qkk 7^ —1- The proof is similar to 
the previous case. 

If niik = 2, mij = 0, then Si{mek + Gj) = 2mej + mek + e^ and m^kj = 0, 1. 
When TUkj = 0, the proof is clear as above. When m,kj = 1, for j < /c < i and 
considering only the quantum Serre relations, the unique possible Lyndon 
word is Xj(xfcxf)^. But from [[x^Xfc]c, [xiXfc]c]c = 0, we deduce that such 
word is not in Sj. 

If m,ik = 0, rrajj = 1, then Si{m,ek + Gj) = e.j + mek + ^j- H k < i < j, 
note that from XkXi,x^ ''^ Xj ^ 5/, there are not Lyndon words of degree 

ej + (mkj + l)efc + ej in Sj. 

If rriik = 0, m-ij = 2, then Si[mek + e^) = 2ej + me^ + ej, and the proof 
is analogous to the previous case. 

If m^ik = mij = 1, then nikj = 0, and Si{ek + ej) = 2ej + e^ + ej, which 
is not in A"''(!B) from Lemma |5.4[ 

If rriik = 2,m,ij = 1 (it is analogous to rrijfc = 1,7T2jj = 2), then m,kj = 
and Si{ek + ej) = 3ej + e^ + ej. In this way, qa ^ —1 and if Xk < xi < Xj, 
then the unique Lyndon word without xfxj, Xkxf as factors is 

XkXj^XjXi — yi -\- qa) qj^j XkX^Xj -\- yi -\- qa) quqijXkXiXjXi 

^KlX^XkXj Xj ) ~\~ '^{Xj XkX-iX n ) ~p r^iXjXkXjj ~\~ '^{XkX-iXjXj j ^ 

using the quantum Serre relations, and then there are not Lyndon words of 
degree 3e j + e^ + ej in Sj . 

So, (|5.4p holds, for each k,j^i,k^ j. D 



Step II: Si(«B) satisfies ([53]) . 



ON NICHOLS ALGEBRAS WITH STANDARD BRAIDING 63 

Proof. Consider nikj = ruki = 1- We prove case- by-case that 

Si(2efc + ej+e;)^ A+(*B). 

• rriij = rriik = rnu = 0, then Sj(2efc + ej +e;) = 2Gk + ^j + ^u so it follows 
from Lemma l5.4( because 26^ -|- e^- + ei ^ A^(*B). 

• rriij / (analogously, mu / 0), so rrij^ = mn = 0, because there are no 
cycles in the Dynkin diagram. Then Sj(2efc + ej + e;) = 2efc + ej -|-e; + mjjej, 
and if we consider Xk < xi < Xj < Xi, using that XkXi = qkiXiXk,XjXi = 
QjiXiXj and xiXi = qnXiXi, and also that x\xi,x\xj ^ 5/, we conclude that 
all possible Lyndon words of degree 2efc + ej + e; + mijei are not elements 
of 5/, except x^xiXkXjX- '^ , but also it is not an element of S[, because 
XkXiXkXj ^ Sj. Then, 2efc -|- Bj + e; -|- ruijei ^ A+(*B). 

• TTijfc = 1, and therefore rriij = "m-u = 0, then, Si(2efc + e^ -|- e^) = 
2ei.+ej+ei+2mikei, and if we consider xi < Xi < x^ < Xj, using that XjXi = 
qjiXiXj,XjXi = QjixiXj and x;Xj = quXiXi, and also that x\xi,x\xj ^ Si, we 
discard as before all possible Lyndon words of degree 2efc -|- e^- + e/ + 2mikei, 

except xiXkXjXkX^ '^ , but it is not an element of Sj, because XkXiXkXj ^ 5/. 
Then 26^ + ej + ei + 2mijei ^ A+(<B). 

• i = j (or analogously, i = I): Sj{2ek + ej + ei) = 2ek + ej +ei ^ A+(!B) 
if nijk = 1 by Lemma ISTSl or Sj{2ek + e^- + e^) = 2ek + 3ej + ei ^ A+(*B) if 
rrijk = 2, by Lemma [531 

• i = k: Sfc(2efc + e^ + e/) = ej + ei ^ A^(03), since rriji = 0. 

Also, if u e {e^ + ej,ek + ei,ek,ej,ei}, then u G A(!B(T^)), so Sj(u) G 
A(!B(y)). The canonical surjective algebra morphisms from T(V) to 53 and 
53 (y) induce a surjective algebra morphism 03 —i- 5S(F), so A(QS(F)) C 
A(Q3); in particular, each Sj(u) G A(QS). 

Consider a basis as in Proposition 11.111 for an order such that Xj < Xk < 
xi. From Lemma r2.7| XjX^, x^xi, XjXkXi are elements of this basis, since they 
are not linear combination of greater words modulo /j, the ideal of T{Vi) 
such that Sj(53) = T{Vi)/Ii. In the same way, {xkXi){xjXk), xiXk{xjXk), 
{xkXi)xkXj, Xk{xjXkXi), xix\xj (if j;| / 0) are elements of such basis, where 
the parenthesis indicates the Lyndon decomposition as non increasing prod- 
ucts of Lyndon words. Also, XjXi, Xjxf,, x\xi are not in such basis by (j5.4p . 
By the relations between the Hilbert series in Theorem 1 2 . 6 1 and the fact that 
2efc + ej + ei ^ Si (A"'"(!B)), we note that XjXkXiXj. is not an element of such 
basis. Then, this word is a linear combination of greater words. By Lemma 
[Ql this imphes that ()5.5p holds in Sj(*B). D 

Step III: Si(*B) satisfies (l57fl) . 

Proof. As before, we prove first that Sj(3efc -|- 2ej) ^ A"*" (03) case by case: 

• ruik = ruij = 0, then Si(3efc + 2ej) = Se^ -|- 2ej ^ A+(QS) by hypothesis. 

• T^ik = 0, ruij = 1, then Sj(3efe + 2ej) = 2ej + Se^ + 2ej. If consider the 
order in the letters Xk < Xi < Xj , a Lyndon word of degree 2ej + Se^ + 2ej 
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in Si begins with Xk, and XkXi is not a factor, because XkXi = qtiXiXj. 
Then the possible Lyndon words with these conditions are xf,XjXiXkXjXi 
and x'lxjXkXjx'^; the first is not in Sj because from ()5.5p for j,k,i we can 
express XjXiXkXj as a hnear combination of greater words, and the second 
is not in Sj because x^XjX^Xj ^ 5/. 

• niik = l^rriij = 0, then Si(3efc + 2ej) = 3ej + Se^ + 2ej. If con- 
sider the order in the letters Xj < Xj < x^, a Lyndon word of degree 
3ei + 3efe + 2ej in Sj begins with Xj, and XjXi is not a factor. Using that 
also xjxk,x'^Xk ^ Sj, the possible Lyndon word with these conditions is 
XjXkXiXjXkXiXkXi. But from the condition in the m-rs's, we are in cases Cq 
or F4, and we use that (adxi)^Xfc = 0, qu 7^ —1 to replace XiX^Xi by a linear 
combination of xfx^ and x^xf, and also use XjXi = qjiXiXj, so we conclude 

• i = j: Sj{3ek + 2ej) = Se^ + ej ^ A+(!B), since tti^j = 2. 

• i = k: Sfc(3efc + 2ej) = e^ + 2ej ^ A+(!B), since rrijk = 1. 

If V e {ek + ej,2ek + ej,ek,ej}, then v G A{^{Vi)), so Si(v) G A(<B(y)). 
As A(53(y)) C A(5S), in particular we have that each v G Sj (A(*B)). 

As in a), consider a basis as in Proposition 11.111 for an order such that 
Xk < Xj. In a similar way, x^Xj, x'^Xj are elements of this basis, but x^Xj 
and Xkxj are not in such basis by (j5.4p . From Lemma [2.71 {xkXj){x\xj), 
Xj{x\xj)xk, {xkXj)'^Xk, Xj{xkXj)xl, x^x'l (the last if x^,x^ / 0) are not 
linear combination of greater words modulo /j, so they are elements of pre- 
vious basis. And by the relations between the Hilbert series and the fact 
that 3efc -|- 2ej ^ Si (A+(*B)), we note that the Lyndon word x\xjXkXj is not 
an element of such basis. Then, this word is a linear combination of greater 
words, and by Lemma [5?5| this implies that (|5.7p holds in Si(53). D 

Step IV: Si(«B) satisfies dO]) . 
Proof. We prove case-by-case that 

Si(3efc + 2ej + eO ^ A+(53). 
rriii = 0: s.j(3efc -|- 2ej -|- e/) = 3efc + 2ej -|- e;, and it is not 



in A+(*B) by Lemma 15.61 

• i ^ j,k,l and rriik 7^ 0: the unique possibility is rriik = rriki = 1, so 
V is of type F4. Then, Si{3ek + 2ej -|- e^) = 3ej -|- Se^ + 2ej + e;. For the 
order xi < Xj < x^ < Xi, the unique possible Lyndon word without factors 

XlXj^ X;X/^, X/X2, XjX^^ XjXi^ XfcX^ , X^Xi IS XlXjX^XiXjXkXiXkXi. USlUg tnc 

quantum Serre relations, and the fact that qu = qtk 7^ —1, we obtain that 
this Lyndon word is not in Si. Then, 3ej -|- 3efc -1- 2ej + ei ^ A+(53). 

• i ^ j,k,l and rriij 7^ 0: there are not standard braided vector spaces 
with these nist's. 

• i ^ j,k,l and rriu 7^ 0: the unique possibility is mn = mu = 1. Then, 
Si{3ek + 2ej + ei) = 3efc -1- 2ej + ei + ei If we consider Xk < Xj < xi < Xj, 
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then the unique possible Lyndon word of such degree without factors XkXu 
XkXi, XjXi, a;|xj, Xkxj is x\xjXiXiXkXi. But by hypothesis, 

[[xlxjXl\^,[XkXj]^^ = [Xi, [XkXj]^^ = 0, 

so ^Xf^XjXiXiXkXi^ ^ = ^^Xf^XjXiXi^^ , [XfcjjjJ^J ^ (J, and Xj^XjXiXiXi^Xi (^ oj. 

• i = k: Sj(3ej + 2ej + e^) = Cj + 2ej + e^ ^ A+(*B), by Lemma [5^ 

• i = j: Sj(3efc + 2ej + e^) = Se^ + 2ei + e; ^ A+(*B), by Lemma [5?6l 

• i = k: Sj(3efc + 2ej + Cj) = e^ + 2ej + ej ^ A+(!B), as before. 

Now, ifw G {efc,ej,ei,efc+ej,efc+ej+e;,2efc+ej,2efc+ej+ei,2efc+2ej + 
ej, then w G A(5S(yi)), so Si(w) € A(iB(y)), and then Si(w) € A(iB). 

Consider a basis as in Proposition 1 1 . 1 11 for an order such that x^ < Xj < 
xi. Then, XjXk, XkXi are elements of this basis. We know XkXi, xf,Xj, x^xj, 
XkXjXiXk, x\xjXkXj are not elements of such basis, since in !B hold (|5.4|) . 
()5.5p and ()5.7p . By Lemma 12.71 the relations between the Hilbert series in 
Theorem 12. 61 and the fact that 36^ + 26^+6; ^ Si (A"'"(!B)), we note that the 
Lyndon word x'^XjXiXf^Xj is not an element of such basis. Thus this word 
is a linear combination of greater words. By Lemma |5.6^ this implies that 
(lOD holds in Si(<B). D 

As Si(*B) is of the same type as !B, we conclude the proof. D 

Let V of type different of Gg. We define the algebra ^{V) := T{V)/3{V), 
where 3{V) is the 2-sided ideal of T{V) generated by 

• {adcXk)"'''^^+^Xj, k^j; 

• [{adcXj){adcXk)xi,Xk]^, l^ k^ j, quk = -1, -nikj = niki = 1; 

• [(adcXfc)^Xj,(adcXfc)xj]^, k / j, qkk € G3 or qjj = -1, nikj = 
2,mjk = 1; 

• [{adcXkf{adcXj)xi, {adcXk)xj]^, k ^ j j^ I, qkk G G3 or qjj = -1, 
TUkj = 2,mjk = rriji = 1. 

Compare with the definitions in |AS31 Section 4]. Since V is of Cartan 
type, '2{y) is a Hopf ideal, by Lemmata 15.71 15.81 and 15.91 As also 3{V) is 
Z^-homogeneous, we have '^iV) S S. 

By Lemmata 15.41 [531 and [5^ the canonical epimorphism TiV) -^ ^iV) 
induces a epimorphism of braided graded Hopf algebras 

(5.39) Try : ^{V) -^ 53(1/). 

Also, 55 (y) satisfies for each i (^ {1, . . . ,0} conditions on Theorem 12.61 so 
we can transform it. 

Lemma 5.24. With the above notation, Si{^{V)) = ^{Vi). 

Proof. By Lemma F5.231 the relations defining 3{Vi) are satisfied in Si{^{V)). 
Then, the canonical projections from T{Vi) onto ^{Vi), Si (*B(y)) induce 
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a surjective algebra map 5S(Vi) -^ Sj f 03(y)j. Reciprocally, each relation 
defining ^{V) is satisfied in Sj(53(Vi)), so we have the following situation: 



QS(y) Si MB(V-) 




^(Vi) -SihB(y) 



From the relation between the Hilbert series in Theorem 12 .61 for each u G N 
we have 

fcgN: u-fceieN", Si(u-kei)eN'> 

and a analogous relation for dimsi(*B(V^))". But from the previous surjec- 
tions we have 

dimsi(*B(y))" < dim!B(yi)", dimsi(«B(yi))" < dim*B(F)", 

for each u € N^. Using that sf = id, each of above inequalities is in fact an 
equality, and Si(*B(F)) = ^{Vi). D 

We are now able to prove one of the main results of this paper. 

Theorem 5.25. Let V be a braided vector space of Cartan type, of dimen- 
sion 9, andC = (oij)i.jG{i,...,0} the corresponding finite Cartan matrix, where 
Oij . — nri^j . 

The Nichols algebra ^{V) is presented by generators Xi, 1 < i < 9, and 
relations 

(5.40) x^" =0, a G A+; 

(5.41) adc{xk)^-'"=^ixj) = 0, k^j; 

if there exist j ^ k ^ I such that m^j = nriki = 1, qtk = ~1; then 

(5.42) [{a.dxk)xj, (adxfc)x/]^ = 0; 

if there exist k ^ j such that m^j = 2, ruj^ = 1, Qkk € G3 or Qjj = — 1, then 

(5.43) [{adxkfxj, {adxk)xj]^ = 0; 

if there exist k ^ j ^ I such that rrikj = 2, rrijk = rriji = 1, qkk S G3 or 
Qjj = —1, then 

(5.44) [{adxkf {ad Xj)xi, {ad Xk)xj]^ = 0; 



ON NICHOLS ALGEBRAS WITH STANDARD BRAIDING 67 

if 9 = 2 and V if of G2 type, qn £ G4 or (722 = — 1, then 

(5.45) [(ada;i)^X2, (ad 3:1)^x2] ^ =0, 

(5.46) [xi,[xlx2XiX2]^]^=0, 

(5.47) [[xlx2XiX2]^,[xiX2]c]^=0, 

(5.48) [ [xlx2] ^ , [xlx2XiX2] J ^ =0. 
Moreover, the following elements constitute a basis of^{V): 

x''p\x'll . . . xj^, < /ij < % - 1, if Pj eSi, l<j< p. 

Proof. We may assume that C is connected. If V is of type G2, then the 
Theorem was proved in Theorem 15.221 So we can assume rukj ^ 3, k ^ j. 

The statement about the PBW basis was proved in Corollary 14.21 - see 
the definition of the x^s in Subsection 14. 2[ 



Consider the image of Xa in ^(V); they correspond in 55 (y) with x^, and 
are PBW generators for a basis constructed as in Theorem ll.l2| considering 
the same order in the letters. As we observed in (|5.39p . there exists a 
surjective morphism of braided Hopf algebras ^{V) -^ 55 (F), so 

A(«(y)) C A(«B(y)). 

Also, ^{V) verifies the conditions in Theorem 12.61 for each i S {1, . . . ,9}, 
so we can transform it. By Lemma |5.24| the new algebra is !B(Vi). So, we 
can continue. Then, consider the sets 

A := U{A{si,---Si^%):ken,l<ii,...,ik<9}, 

A+ := AnN^ 

and then A is invariant by the Sj's. Also, A(!B(y)) C A, and 

Ais,,---s,,%iV)) = Si,---s,,Ai^{V)). 

Consider a G A+ \ A'^(55(y)). Suppose that a 7^ mui, for all m € N 
and i E {1,...,^}, of minimal height among these roots. For each Sj, as 
a is not a multiple of Oj, we have Si{a) S A"*" \ A"*" {^(V)), and then 
gr{si{a)) - gr{a) > 0. But a = Yji=i ^i^i^ so X].j=i ^iOij < 0, and as bi > 0, 
we have ^^ ,^-^ biOijbj < 0. This contradicts the fact that (ajj) is definite 
positive, and (bi) > 0, (bi) / 0. 

Also, mej G A+(!B) 4^ m = Ne^,!, since x- ''^ ^ 0. Then, 

A{%{V)) = A(!B(y)) U {Naa : a G A{^{V))}. 
It follows since by Corollary 14.21 each a G A'^(^(y)) is of the form 

" = Sh ■■■Si^{ej), ii,...,im,j G {!,..., 0}. 
Now, Ne^ej G A(«B(T/)), so 

iV„a = 7Ve,a = Si,--- s.^(iVe,e,) G A(«B(y)). 
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Also, each degree N^a has multiphcity one too in A(5S(y)). 

Now, for degrees NaOt, suppose that there are some Lyndon words of 
degree N^a, and consider one of them of minimal height. This word u has 
a Shirshov decomposition 

u = vw, 13 := deg(i;), 7 := deg(u;) G A+(«B(y)). 

From the previous assumption, we have /3, 7 G A"^(!B(y)). Write 
e e e 

fc=l k=l fc=l 

so NaQk = bk + Cfc, for each fc G {1, . . . , 0}. We can consider ai, 09 7^ (if 
not, we look at a smaller subdiagram). 

Now, if we consider V of type F4 and f3 = 2ei + 3e2 + 4e3 + 864, then 
ci = 0, ai = 1, A'^Q = 2, or ai = ci = 1, N^ = 3, since 0,7//?. 

• If Aq = 3, then 3a2 = 3 + C2. Then, C2 = 0, so 03 = 04 = 0, or C2 = 3, 
and C3 = 4, C4 = 2. But in both cases we have a contradiction to 
aGN^. 

• If Na = 2, ci = 0, then C2, C4 are odd, and C3 is even, not zero. The 
unique possibility is 7 = e2 + 2e3 + 64, so a = ei + 2e2 + 3e3 + 2e4. 
But Qa = Q ¥" ~1) so Na 7^ 2, which is a contradiction. 

Thus, we can consider 61, ci < 1 or ft^jCe < 1, so ai = 61 = ci = 1 or 
ae = bg = cg = I, and in both cases, Na = 2. For each possible f3 with 
61 7^ (by assumption of ai ^ 0, we have 61 7^ or ci 7^ 0, we look for 7 
such that /9 + 7 has even coordinates. In types A, D and E there are not 
such pairs of roots. For the other types, 

(1) Bg: 13 = Vig, 7 = Ui+1^0. Then, a = uig, but qa = qii 7^ -1, which 
is a contradiction. 

(2) Cg: (3 = wii, 7 = eg. Then, a = uig, but Qa = qee 7^ —1, which is a 
contradiction. 

(3) F4: /? = ei + ea + 2e3 + 2e4, 7 = ei + es, or /? = ei + 2e2 + 2e3 + 2e4, 
7 = ei. In both cases, a = ei + e2 + 63 + 64, but qa = Q ¥" ~1; 
which is a contradiction. 

Then, each root NaO corresponds to Xa, and each Xa as before has 
infinite height. The elements 

x'^y^l . . . xj^, 0<hj<oo, if Pj eSi, l<j< P, 

constitute a basis of ^{V) as vector space. 

Now, let I{V) be the ideal of T(y) generated by relations ^KAT^ . K42t\ . 
([5:43]) . (fOi]) . and also (fOO]) . Then we have 3{V) C I{V) C /(y), so 
the corresponding projections induce a surjective morphisms of algebras 
(P-.^^ *B(y), where « := T(y)/7(y). 
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T{V) ^%{V) 

:: X ■■'■ 



Also, the elements 



xj^xj^ . . . rrj;, 0<h,< Np^ , if /3, e Si, l<j< P, 

generate 5S as vector space, because they correspond to the image of ele- 
ments that generate ^{V), and are not zero (each non increasing product 
of hyperwords as before such that hj > Np. is zero in *B). But also (p is 
surjective, and the corresponding images of these elements constitute a basis 
of 55 (y), so (j) is an isomorphism. 
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